Quarter-plane lattice paths with interacting boundaries: the

Kreweras and reverse Kreweras models
Ruijie Xu, Nicholas R. Beaton and Aleksander L. Owczarek

Some calculations accompanying the solution to Kreweras walks with general
boundary weights (a,b,c). Symbols and equation numbers match the manuscript where
possible.

Note: Many symbols are reused between this notebook and the reverse Kreweras
notebook -- be sure to quit the kernel before switching to the other one, or use a
different kernel for each.

(This block needs to be expanded to run some preliminary commands!)

Preliminaries
It will be useful to have some series to substitute into equations to check their validity.

n-1= (* shorthand to apply a function f to the terms of a series x)
ApplyToSeries[f_, S_] := MapAt[f /e# &, S, 3]

n-= (*+ mathematica sometimes has trouble when
combining multiple series in the same variable x)
(*» so here's a way of dealing with that x)
Simplificate[S_] :=
Table[S[[1]1]"n, {n, S[[-31]/S[[-1]11, S[[-31]/S[[-1]]+ (Length[S[[3]]]-1)/
S[[-111, 1/S[[-111}].S[[311+0[S[[1]1]1"(S[[-2]11/S[[-11])

m= (% this will also be useful x)
Needs["Notation "]

n-1= Symbolize[ParsedBoxWrapper [SubscriptBox["_", " "]]]
Symbolize[ParsedBoxWrapper [SubsuperscriptBox["_", " " " "]7]

n-1= (* calculate the coefficients (po'l.ynom'ia'Ls in a,b,c) recursively =)

(» let q[n,i,j] be the total weight of

walks of length n ending at coordinate (i,j) *)

Clear[q]

q[o, 0, 0] = 1;

qln_, i_,3_1:=(qln,i,31=0) /5 (n<@||i<0|]]<0);

q[n_,1i_,3_1 :=

(aln, i, 31 = Expand[q[n-1,i-1,j-1]+q[n-1,9+1,3]+q[n-1,1,j+1]]) /3
(i>08&&j >0)

qln_, 0, j_1 := (q[n, ©, j] = Expand[bq[n-1, 1, jl+bq[n-1, 0, j+1]1) /; (j>0)

qln_, i_, 0] := (q[n, i, 6] = Expand[aq[n-1, i, 1] +aq[n-1,1+1,0]1]) /; (i>0)

q[n_, ©, 0] := (q[n, ©, ] = Expand[cq[n-1, 0, 1]+cq[n-1, 1, 0]])
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n-1= (* then the generating functions x)
Clear[QQ, QQcx, QQcy, QQcxy, QQeval, QQcxeval, QQcyeval, QQdk, QQdkeval]
QQ[N_] := QQ[N] = ApplyToSeries[Expand,
sum[q[n, i, j1*tAn*xx"ixyrj, {n, 8, N}, {i, 0, n}, {j, ©, n}]1+0[t]"(N+1)]
(» coefficients of specific powers of x,y, or both x)
QQcx[N_, i_1 :=QQcx[N, 1] = ApplyToSer‘ies[Expand,
sum[q[n, i, j]1 *tAnxy"j, {n, @, N}, {j, 0, n}] +0[t] " (N+1)]
QQcy[N_, j_1 :=QQcy[N, j] = ApplyToSeries[Expand,
sum[q[n, i, j]*tAnxx"i, {n, 0, N}, {i, ®, n}] +0[t]" (N+1)]
QQexy[N_, i_, j_1 :=QQcxy[N, i, j]1 = ApplyToSeries[Expand,
sum[q[n, i, j1*tAn, {n, ©, N}] +0[t]" (N+1)]
(» evaluating QQ at some other values of (x,y) =)
QQeval[N_, xx_, yy_1] :=QQeval[N, xx, yy] = ApplyToSer‘ies[Expand,
sum[q[n, i, J1 *tAn*xx"ixyyrj, {n, ©, N}, {i, 0, n}, {j, 0, n}]+0[t]"(N+1)]
QQcxeval[N_, i_, yy_] := QQcxeval[N, i, yy] = ApplyToSer‘ies[Expand,
sum[q[n, i, j1*tAnxyy"j, {n, , N}, {j, 0, n}] +0[t] " (N+1)]
QQcyeval[N_, j_, xx_] :=QQcyeval[N, j, xx] = App'I.yToSer'ies[Expand,
sum[q[n, i, ]t An*xx"i, {n, 0, N}, {i, ®, n}]+0[t]" (N+1)]
(* the generalised diagonal term x)
QQdk[N_, k_] :=QQdk[N, k] = ApplyToSeries[Expand,
sum[q[n, i, i+k] »tAn*x"i, {n, 0, N}, {i, 8, n}]+0[t]" (N+1)]
QQdkeval[N_, k_, xx_] := QQdkeval[N, k, xx] = ApplyToSer‘ies[Expand,
sum[q[n, i, i+k] *t nxxx"i, {n, 8, N}, {i, 0, n}]1+0[t]1 " (N+1)]

Section 5.1

m-= (* the kernel and A,B,G *)
K[x_,y_]:=1-t(xy+1/x+1/Yy)

A=l/y

B=1/x

G=0

1
Out[+]= —

y

1
Out[*]= —

X
ouf-J1= @

m-1= (* the rhs of eqn (5.1) =x)
mainFE=1/c+1/a (a-1-taA)Q[x, 0] +
1/b(b-1-tbB)Q[0,y]+(1/(abc) (ac+bc-ab-abc)+tG)Q[o, 0];
(* then verifying eqn (5.1) =)
mainFE - K[x, y] ©Q[x, yl /. {Q[x, y] » QQ[12],
Q[x, 6] »QQcy[12, 0], Q[06, y] » QQcx[12, 0], Q[0, 0] » QQcxy[12, 0, O]}
our-- O[t]3



Section 5.2

mn-1= (* apply the kernel symmetries =)
mainFEO® = mainFE;
mainFEl = mainFEG /. {x > 1/ (xYy)};
mainFE2 = mainFEl1 /. {y>1/ (XYy)};
mainFE3 = mainFE2 /. {x>1/ (XYy)};
mainFE4 = mainFE3 /. {y» 1/ (xy)};
mainFE5 = mainFE4 /. {x > 1/ (xYy)};

nj= (% the vector V from eqn (5.2) )
(* the order is arbitrary =)

V={Q[x, 0], Q[0, Y], Q[1/x/Yy, 0], Q[0,1/x/y]l, Q[0, x], Q[y, 0]};

(» then the coefficient matrix M =x)
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M = {Coefficient[mainFE®, V], Coefficient[mainFEl, V], Coefficient[mainFE2, V],
Coefficient[mainFE3, V], Coefficient[mainFE4, V], Coefficient[mainFE5, V]}

_l+a_a7t ‘1+b‘bx_t -1l+b-btxy _l+a_a7t
our-- {{ , N ,0,0,0,0}, {0, N , ,0,0,0},
a a
bt bt at
~l+b- ~l+a-atxy “leb-"0 -lea- 2t
{Oa 0,0, » 0, }: {0’ 0, 0,0, ’ }:
b a b a
t bt
*l*a*aT -l+b-btxy -l+a-atxy -l+b- "
{0) 0, » 0, ) O}, { » 0,0, » 0, O}}
a b a b

n1= (* write this using =*)
Ap[x_,y_l:=1/a(a-1-ta/y)
Bp[x_,y_]:=1/b(b-1-tb/x)

{{Ap[x, y], Bp[x, y], 0, 0, @, 0}, {0, Bp[1/x/Yy, Y], Ap[1/Xx/Yy, Y], 0, 0, 0},

{6, 0, 0, Bp[y, 1/x/yl, 0, Aply,

1/x7y1},

{6, 0,0, 0, Bp[y, x], Ap[y, X1}, {0, 0, Ap[1/x/y, X], ©, Bp[1/x /Yy, x], O},
{Ap[x, 1/x/yl, 0,0, Bp[x,1/x/y]l, 0,0}}-M

oui- {{0, 0, 0,0, 0,0}, {6,0,0,0,0,0
{¢,0,0,0,0,0}, {0,0,0,0,0,0

}’ {@’ 0’ O! 0, O’ o}’
}, {6,0,0,0,0,0}}

m-1= (* the vector C is everything else, see eqgn (5.2) *)
CC = {mainFE@, mainFE1l, mainFE2, mainFE3, mainFE4, mainFE5} /. (#-> 0 &/eV)

(-abrac+bc-abc)Q[o, 0]

+

Outf#]= { y

abc
(-ab+ac+bc-abc)Q[o, 0]

b

+

abc
(-abrac+bc-abc)Q(o, 0]

+

b

Ok 0|k 0 |R

abc

m-= (*# M has rank 5 %)
MatrixRank[M]

outf]= 5

(-abrac+bc-abc)Q(o, 0]

+

b
abc

(-ab+ac+bc-abc)Q[o, 0]

b

J

+

abc
(-ab+ac+bc-abc)Q[o, 0]

+

Ok 0|k 0 |R

abc
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(* the vector N spans the nullspace of M, see eqn (5.4) =)
NullSpace[M'];

(*» clean up the denominators a bit )

NN =-%[[1]] % (at+y-ay) (L-b+btxy) (at+x-ax) (bt+y-by)/y// Factor

Infe]:=

(» and see x)
NN.M // FullSimplify

our)- {(@at+x-ax) (bt+y-by) (1-a+atxy) (1-b+btxy),
(-at-x+ax) (-bt-x+bx) (bt+y-by) (1-a+atxy)

- >
X

(-at-x+ax) (-bt-x+bx) (at+y-ay) (1-b+btxy)

)
X

-(bt+x-bx) (at+y-ay) (l-a+atxy) (1-b+btxy],
(bt+x-bx) (at+y-ay) (bt+y-by) (1-a+atxy)
y
(at+x-ax) (at+y-ay) (bt+y-by) (1—b+btxy)}
y

b

our- {0,0,0,0,0,0)

m-1= (* unlike reverse Kreweras, this time N.C # 0 x)
fullOSrhs = NN.CC // Collect[#, Q[O, O], Factor] &
a(a-b) bt (x-y) (-1+x2y) (-1+xy?)
cxXy :
(a-b) (ab-ac-bc+abc) t? (x-y) (-1+x%y) (-1+xy?)Q[6, 0]

cXy

Out[]= —

m-= (*+ now we need to extract [y?0] of N.Q %)
fulloSlhs =
NN. {Q[x, ¥1, Q[1/x/Yy,¥], Qly, 1/x/Yy]l, Qly, X1, Q[1/x/Yy, X], Q[x, 1/x/Yy]}

(at+x-ax) (at+y-ay) (bt+y-by) (1-b+btxy)Q[x, i]
N

Out[*]= —
y

(at+x-ax) (bt+y-by) (1-a+atxy) (1-b+btxy)Q[x,y]+
(bt+x-bx) (at+y-ay) (bt+y-by) (1—a+atxy)Q[iy,x}

X

y
(-at-x+ax) (-bt-x+bx) (bt+y-by) (l—a+atxy)Q[i,y]

X
(bt+x-bx) (at+y-ay) (l-a+atxy) (L-b+btxy)Qly, x] +
(-at-x+ax) (-bt-x+bx) (at+y-ay) (1-b+btxy)Qly, j]

X
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n-= (% this is not too complicated x)
fulloslhsyo = {6, 0, 0, 0, 0, 0}}
fullOSlhsyO[[1]] =
Coefficient[Coefficient[fullOSlhs, Q[x, y]1], ¥, ©] *xQ[x, O] // Factor
CoefficientList[Coefficient[fullOSlhs, Q[1/x /Yy, Y]], Y] // Factor;
fulloSlhsy@[[2]] = %[[1]] *Q§[1/X] +%[[2]] Q% [1/x] +%[[3]] Q% [1/x]
CoefficientList[Coefficient[fullOSlhs, Q[y, 1/x/Yy]]l, y] // Factor;
fulloSlhsyO[[3]] = %[[1]] *Q9[1/x] +%[[2]] *QI[1/x] /x+%[[3]]1*Q3[1/x] /x"2
fullOoSlhsy0[[4]] =
Coefficient[Coefficient[fullOSlhs, Q[y, x]], ¥, ©] *xQ[0, x] // Factor
Coefficient[fullOSlhs, Q[1/x /Yy, x]] // Collect[#, y, Factor] &;
fullOSlhsy0[[5]] = Coefficient[%, y, 0] *xQ[0, X] +
Coefficient[%, y, 1] #Qi,.[x] /x + Coefficient[%, y, 2] *Q,,.[x] /x"2
Coefficient[fullOSlhs, Q[x, 1/x/y]] // Collect[#, y, Factor] &
fullOSlhsy0[[6]] = Coefficient[%, y, 0] *xQ[x, O] +
Coefficient[%, y, 11 #Q.,1[x] /x + Coefficient[%, y, 2] *Q. 2[x] /x"2
our)= (-1+a) (-1+b) bt (at+x-ax)Q[x, 0]
(-l+a)bt (at+x-ax) (bt+x-bx) Qg{i]

Outf#]= -
X

(at+x-ax) (bt+x-bx) (1-a-b+ab+abt?x) Q‘}l[i]

+
X

a(-1+b)t(at+x-ax) (bt+x-bx) Q‘jz[i}
X

a(-1+b)t(at+x-ax) (bt+x-bx)Qd[t]
outfe]= — LR
X

(at+x-ax) (bt+x-bx) (1-a-b+ab+abt?x) Q‘}[i}

x2

(-1l+a)bt (at+x-ax) (bt+X—bx> Qg[i}

X2

oupj= - (-1+a)a(-1+b) t (bt+x-bx)Q[O, x]

our)- t (bt+x-bx) (a-a*+b-3ab+2a’b+a’bt?x)Q[O, x] -
(bt+x-bx) (-1+2a-a?+b-2ab+a?b-a?t?x-abt?x+2a’bt?x) Q,.[x]

X
(-1+a)a(-1+b) t (bt+x-bx)Q,.[x]

X

a(-1+b)bt?2(at+x-ax)
our- -t (@at+x-ax) (a+b-3ab-b*>+2ab*+ab’t?x) + ( ) +
y
(at+x-ax) (-1l+a+2b-2ab-b*>+ab’-abt’x-b*>t*x+2ab’t?x)y-

(-1+a) (-1+b)btx (at+x-ax)y?
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oup - -t (@at+x-ax) (a+b-3ab-b*+2ab’+ab’t?x)Q[x, 0] +
(at+x-ax) (-l+a+2b-2ab-b?+ab?-abt?x-b?t?x+2ab?t?x) Q. 1[x]

X

(-1+a) (-1+b) bt (at+x-ax) Q. [x]

X

(» check it manually x)

Infe]:=
fulloSlhs /. {Q[ecks_, why_] - QQeval[1l2, ecks, why]};

ApplyToSeries[Expand, %];
ApplyToSeries[Coefficient[#, y, 0] &, %] ;
Total[fullOSlhsyo] /. {Q[x, 0] » QQcy[12, 0], Q[O, x] -» QQcxeval[1l2, 0, x],

1
—] - QQdkeval[12, 1, 1/x],

1
Q3[—] - Q@dkeval[12, 0, 1/x], Qi
X X

1 1
Q5[ =] - QQdkeval[12, 2, 1/x], Q% [~] - QQdkeval[12, -1, 1/x],
X X

1
QY [=] - QQdkeval[12, -2, 1/x], Qi,.[x] - QQcxeval[12, 1, x],
X
Q2,.[X] » QQcxeval[12, 2, x], Q.,1[X] - QQcy[12, 1], Q.,>2[x] » QQcy[12, 21};

ApplyToSeries[Expand, %] ;
% — %%%
our-- O[] 13

(* now want to use some boundary and diagonal

In[¢]:=
relations to eliminate some of these terms x)

(» equation for Q. ;[x] =)

Qxleqn =
Q.1 [X] +tXxQ[X, 0] +t/x Q. 1[x]+t (b-1)Qy,1-t/xQo,1+tQ.2[x]+t (b-1)Qo,:
(* check it x)
% /. {Q[x, 0] » QQcy[12, 0], Q.,1[x] » QQcy[12, 1], Q.,2[x] » QQcy[12, 2],
Q1,1 » QQcxy[12, 1, 1], Qe,2 » QQcxy[12, 0, 2], Qe,1 » QQcxy[12, 0, 1]}

(*» equation for Qi,.[x] =)

Qlxeqn =
-Q1,.[X] +txQ[O, x] +t/XxQy,.[X] +t (a-1) Q1,1 -t/ XxQ1,0+tQz,.[X] +t (a-1) Qa0
(* check it x)
% /. {Q[0, x] » QQcxeval[l2, 0, x],
Qi,.[x] -» QQcxeval[l2, 1, x], Qz,.[x] » QQcxeval[l2, 2, x],
Q1,1 » QQcxy[12, 1, 1], Q2,0 » QQcxy[12, 2, 0], Q1,6 » QQcxy[12, 1, 0]}

(* equation for Q[x,0] =)

Qx0eqn =
-Q[x, 0] +1+taQ.1[x]+t (c-a) Qe,1+t/xaQ[x, 0] +t (c-2a) Qi,0-t/xaQ[oO, O]

(* check it x)
% /. {Q[x, 0] »QQcy[12, 0], Q.,1[x] » QQcy[12, 1],
Qe,1 » QQcxy[12, 0, 1], Q1,6 » QQcxy[12, 1, 0], Q[0, 0] » QQcxy[12, 0, 0]}

(* equation for Q[O,x] =*)

QOxeqn =
-Q[0, x] +1+tbQ;,.[x] +t (c-b) Qie+t/xbQ[0O, Xx] +t (c-b) Q,1-t/xbQ[O, 0]

(* check it x)
% /. {Q[0, x] » QQcxeval[1l2, 0, x], Qi,.[x] » QQcxeval[l2, 1, x],



Kreweras - final.nb | 7

Qe,1 » QQcxy[12, 0, 1], Q1,0 » QQcxy[12, 1, 0], Q[6, 6] » QQcxy[12, 0, 0]}

(* equation for Q(_il[i] *)

1 1 1
Qdmieqn = -Q% [=] +t/x Q% [=] +tQ§[=] +
X X X
1
t/x(a-1) Q1,1 -tQ[0, 0] +thE'2[—] +t/x (a-1) Qe
X

(* check it x)

1
% /. {Q%[~] » Qadkeval[12, -1, 1/x],
X

1 1
Q5[ =] - Qdkeval[12, 0, 1/x], Q%[ ~] » Qadkeval[12, -2, 1/x],
X X

Q[o, 0] -» QQcxy[12, 0, O], Q1,1 » QQcxy[12, 1, 1], Qz,e » QQcxy[12, 2, 0]}
(» equation for Q‘f[i] *)

Qdplegn =

1 1 1 1
Qi) +t/xQi[ =]+t Q[ =]+t (b-1) Qo2+t xQG[ =]+t (b-1) Qi,1-txQ[0O, 0]
X X X X

(* check it x)

1
% /. {Q{[~] - QQdkeval[12, 1, 1/x],
X
1 1
Q[ =] » Qudkeval[12, 2, 1/x], Q§[ =] - QQdkeval[12, 0, 1/x],
X X

Qe,> » QQcxy[12, ©, 2], Q1,1 » QQcxy[12, 1, 1], Q[0, 0] - QQcxy[12, 0, 0]}
(* equation for Qg[i] *)

1 1 1 1
Qdoeqn = -Q4[ =] +1+t/x Q[ =] +tQi[=] +t (c-1) Qo1+t x Q% [=] +t (c-1) Qo
X X X X
(* check it x)

arl arl
% /. {Qi[—] » Qdkeval[12, 1, 1/x], Q% [~] - QQdkeval[12, -1, 1/x],
X X

1
Qg[_] - QQdkeval[12, 0, 1/ x], Qe,1 -» QQcxy[12, 0, 1], Q1,6 » QQcxy[12, 1, O]}
X

(*» equation for Qg1 *)
Q0leqn = -Qp,1+tb Q2 +tbQs,:
(* check it x)
% /. {Qo,1 » QQcxy[12, 0, 1], Qe¢,2 » QQcxy[12, 0, 2], Q1,1 » QQcxy[12, 1, 1]}
(* equation for Q[0,0] =)
Q00eqn = -Q[0, 0] +1+tcQe,1 +tcQi,o
(* check it x)
% /. {Q[0, 0] » QQcxy[12, 0, 0], Qq,1 » QQcxy[12, 0, 1], Q1,0 » QQcxy[12, 1, O]}
(* equation for Qo *)
QlOegn = -Q;,0+taQ;,1+taQze
(* check it x)
% /. {Qi,0 » QQcxy[12, 1, 0], Q1,1 » QQcxy[12, 1, 1], Q2,0 » QQcxy[12, 2, 0]}
(» equation for Qi,; *)
Qllegqn = -Q;,; +tQ[O, O] +t Q1,2+t Q2,1
(» check it x)
%/« {Q1,1 » QQcxy[12, 1, 1], Q[0, 0] -» QQcxy[12, 0, O],
Q1,2 » QQcxy[12, 1, 2], Q2,1 » QQcxy[12, 2, 1]}
(* equation for Qo *)
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Q20eqn = -Qy 0 +taQz,1+taQz e
(* check it x)
% /. {Q2,0 » QQcxy[12, 2, 0], Q2,1 » QQcxy[12, 2, 1], Q3,0 » QQcxy[12, 3, 0]}
(* equation for Qg,, *)
Q02eqn = -Qp,2+tbQe,3+thbQs,2
(* check it x)
% /. {Qo,2 » QQcxy[12, 0, 2], Q¢,3 » QQcxy[12, O, 3], Q1,2 » QQcxy[12, 1, 2]}
(» equation for Q1 *)
Q2leqn = -Q3,1 +t Q1,0+t Q2,2+t Q33
(» check it x)
% /. {Q2,1 » QQcxy[12, 2, 1], Q1,0 » QQcxy[12, 1, O],
Q2,> » QQcxy[12, 2, 2], Q3,1 » QQcxy[12, 3, 1]}
(* equation for Qs,o *)
Q30eqn = -Q3,0 +taQs,1+taQqe
(* check it x)
% /. {Q3,0 » QQcxy[12, 3, 0], Q3,1 » QQcxy[12, 3, 1], Q4,0 -» QQcxy[12, 4, O]}

t t Q.
our - (~1+b) Qoo t+ (~1+b) Qat- B2t eqix, 07 -« 2t g
X X
ourl- O[t]*3
t tQ; .
our= (-1+a) Q1 t+ (-1+a) Qz,ot—Ql’—0+tXQ[0, x] = Q1. [X] +M+th,-[XJ
X X
our-- O[t]*3
atQ[o, 0] atQ[x, 0]
oufj= L+ (-a+C) Qo1 t+ (-a+c) Quot-——"""-Q[Xx, O] + +atQ. 1[x]
X X
ouil- O[t]*3
oupj= 1+ (-b+c) Qo1 t+ (-b+c) Ql,@t—w—mo, x] L D08, X +btQ,.[x]
X X
ouir-)- O[t]%3
-1 t (-1 t tQd [~
ouor *a) Qat (-1+a) Qo 7tQ[o,0]+th[£}7QE’l[£]+7l[x}+thE’2[£]
X X X X X X
our- - O[t]*3
PSS TR e il
our - (-1+b) Qeat+ (-1+b) Q1 t-txQ[0, 0] +txQ)[—]-Qf —]+ +t Q3]
X X X X
our-- O[t]*3
1, tQs[] 1 1
ourl= 1+ (-1+¢) Qout+ (-1+¢) Qet-Q§[ =]+ ———+tQf[ =] + tx Q%[ ~]
X X X X

our-- O[] 13
ou'j- —Qe,1+b Qoo t+b Q1,1 t
our- - O[] 13

Outf«]= l+CQ0’1t+CQ1’0t—Q[O, 0]



our-- O[t]*3
oufj- -Q1,e+a@Qi,1t+aQy et

our- - O[t]*3

our= =Q1,1+Q1,2t+Qz,1 t+tQ[O, O]

our- O[t] 3

oufj- —Qae+a@Q,1t+aQz et
our- O[t] 3

ou-= -Qo,2 +bQp,3t+bQ1nt
our- O[t] 3

our= =Q2,1+Q1,et+Q2t+Q31 t
our- O[t] 3

oufj- —Qz,e+aQ3,1t+aQs et

our-- O[t]*3

n-}= (* we can then use all these to eliminate things
from the [y?0] of the LHS of the full orbit sum x)
(* thus obtaining eqn (5.7) =*)

Total[fullOSlhsy0];

% /. Solve[Qlxeqn = 0, Q. [X]I[[1]1];
% /. Solve[QOxeqn == 0, Q;,. [x]1]1[[1]]}
% /. Solve[Qxleqn = 0, Q. >[x]]1[[1]]}
% /. Solve[Qx0eqn = 0, Q. 1 [X]I[[1]1];

1
% /. Solve[Qdmlegn = 0, Q% [=]][[1]];
X
% /. Solve[QdOeqn =0, Q‘fl[i]] [[111;
X

1
% /. Solve[Qdplegn = 0, Q§[—]][[1]1];
X

% /. Solve[QOleqn == 0, Qo,2]1 [[1]]};
% /. Solve[QO0eqn == 0, Qo,11[[1]]}
% /. Solve[QlOeqn == 0, Q;,1]1 [[1]];

fullOSlhsyoOv2 =

1 1
Collect[%, {QI__1, Q9[=]> QI[=]>5 Q05 Q2,05 Qe,15 Qo,25 Q1,1}, Factor]
X X

Kreweras - final.nb | 9
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outf+J= (7a2bt3+a2b2t37a2t2x+3a2bt2x72a2b2t2x+2atx27

ctx3
a?tx?-btx?-abtx?+b?tx?-ab?tx?+a’?b?tx?+aZb?t*x?+x3-
2ax3+a?x®-bx®+2abx®-a’bx®+a’bt3x3+ab?t3x®-2a2b?t3x%-
a?t?xtrabt?xtra?bt? x b2t x*-3ab’ t? x*+a? b’ t? x*) +

S (*p?*t?-a’b’t?-a’b’ct’+a’b’ct’+a’bt?x-3a*b> t? x+

abctx?
2adb3t?x-a’?bect?x+ab?ct?x+2a’b?ct?x-ab®ct?x+a?b3ct?x-
2adb3ct?x-2a’btx?+a’btx?+ab?tx?+a?b?tx?-ab3tx?+a?bdtx?-
a®b3tx?+alctx?-adctx?-a?bctx?+2a’bctx?-b2ctx?*+2ab?ctx?-
a?b?ctx?-2a®b?ctx?+b3ctx?-2abdctx?+a?bictx?+adbictx?-
adb3ttx?-atb?ct*x?+atbicttx?+adbictix?-abx3+2a’bx3-adbx3+
ab?x3-2a?b?x3+a®b?x®*-acxP+a’cxP+becxP+abex®-2a’?becx®-
b2cx3-ab?cx®+2a?b?cx®+ab3cx®-a?bdcx®-adb2t3x3-aZp3t3x3+
2adb3t3x3-albcetdixd+3adb?ct3xP+abdict3x®-a?bict3x®-
2adbdctdx®+adtbt?xt-aZbh?t?xt-adbhb?t?x*-abdt?x*+3a%2bd 2 x4 -
a?bdt?x*-act?x*-2a’bect?x*+4abct?x*+2ab?ct?x*+a’b?ct?x?-
4a3p’ct?xt+bPct?xt-4abPct?x*+2a’bPct? x*+adbdct? x*) Q[o, 0] +

(bt+x-bx) (-at+a?t+x-ax+a?t?x?) (-bt+b?2t+x-bx+b2t?x?)Q[0, x]

bt x3
(@at+x-ax) (-at+a?t+x-ax+a?t?x?) (-bt+b?t+x-bx+b2t?x?)Q[x, 0]
N
atx3
1
t x4

(@at+x-ax) (bt+x-bx)
(-at?+abt?’+tx+atx-btx-abtx-x*+
1
bx?+abt®x*+2at?x*-2bt?x*-abt>x?) Q[ ~] +
X
(at+x-ax) (bt+x-bx) (-at-bt+2abt+2x-ax-bx+2abt?x?) Q‘l‘[ﬂ

x3

m-1= (* check it manually =)
fulloSlhs /. {Q[ecks_, why_] - QQeval[1l2, ecks, why]};
ApplyToSeries[Expand, %];
ApplyToSeries[Coefficient[#, y, 0] &, %] ;
fulloslhsyev2 /. {Q[x, 8] » QQcy[12, @],

1
Q[0, x] » QQcxeval[12, 0, x], Q§[~] - QQdkeval[12, @, 1/x],
X

1
Q{[=] » Qadkeval[12, 1, 1/x], Q[0, 0] - QQcxy[12, 0, 0]};
X

ApplyToSeries[Expand, %];
% — %%%

our- - O[t]*?
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n-= (*+ now for the RHS of the full orbit sum %)
(» we can do a partial fraction expansion of 1/K as per Lemma 6 x)
A= (1-t/x)"2-4tA2x;
Yo = (1-t/x-Sqrt[a])/(2tx);
Vi= (1-t/x+Sqrt[al)/(2tx);
{K[x, Yol, K[X, Y11} // Simplify
ApplyToSeries[Expand@xPowerExpand, Series[Yg, {t, 0, 3}1]
ApplyToSeries[Expand@xPowerExpand, Series[Y;, {t, 0, 3}]1]

our-1= {0, 0}
t2
outfr]- t+ —+ | —+X t3+0[‘t]4
X x?
11 t? 1 5 4
oufi —— - —-t-—+|-—-x| 2+0[t]
xt x? X x2

nj= (» and then analogously to eqn (4.21) )
1/Kix,yl-1/sqrt[a]l (1/(1-Ye/y)+1/(1-y/Y1)-1) 7/ Simplify

outf 1= @

n-1= (* keeping these unevaluated will make calculations a bit easier )
YYo= (1-t/x-Sqrt[aal) /(2tx);
YY1 = (L-t/x+Sqrt[aa]) / (2tx);
n-= (* so we can compute the [y”0@] of the RHS of the full orbit sum x)
Coefficient[Expand[fullOSrhs], y, -1]1 /YY1 /Sqrt[aA] +
Coefficient[Expand[fullOSrhs], y, 0] /Sqrt[aA] +
Coefficient[Expand[fullOSrhs], y, 1] * YYe /Sqrt[aa] +
Coefficient[Expand [fullOSrhs], y, 2] »YYo"2 /Sqrt[aa] +
Coefficient[Expand[fullOSrhs], y, 3] * YYo"3 /Sqrt[aa];

fullOSrhsyo = Collect([%, Q[__], Simplify]
1

8cxt (-tex+xan | Van
a (a-b) b(3t4 (-142x%+8x8) +x* (-1+M)3 (1+M)+2t2x2 (-1+M)
(6+x3 (3+M)+M)+2tx3 (-1+\/E)2 (3+x3 (1+M)+2M)-
213 x (—5+4><6 (1+\/E)+x3 (1+5\/E)+2\/E))+

1
8 c x* (—t+x+xﬁ) o
(3% (-1+2x3+8x%) +x* (-1+\/E)3 (1+Van ) +2¢2x2 (-1++/5a |
(6+x3 (3+\/E)+\/E)+2tx3 (-1+\/E)2 (3+x3 (1+\/E)+2\/E)-
263 x (—5+4x6 (1+M)+x3 (1+5M)+2M))Q[0,0]

Out[+]= —

(a-b) (-bc+a(b-c+bc))
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n= (* we can check it x)
fulloSrhs /K[x, y] /. Q[0, 0] » QQcxy[12, 0, 0]}
ApplyToSeries[Expand, %];
ApplyToSeries[Select[#+y~rx+yA (27), Exponent[#, y] =0 &] &, %]
fullOSrhsy0 /. AA-> A /. Q[0, 0] - QQcxy[12, 0, 0]
ApplyToSeries[Expand, %];
% — %%%

oui-)- O[t]%®

m-1= (* and check it some more =x)
fullOSlhsyOv2 - fullO0Srhsy0;
%/« DA A/, {Q[ecks_, why_] - QQeval[1l2, ecks, why],

1 1
Q4[] - Qadkeval[12, @, 1/x], Q¢[~] - QQdkeval[12, 1, 1/x]}
X X
our- = 0[t]*?

m-1= (* now to compute the [xA>] part of this x)
(* unlike reverse Kreweras, we will not need the [x"<] part =)
(» however, we unfortunately end up
leaving the realm of algebraic functions here x)

m-1= (* LHS s straightforward x)
(xeqn (5.11) %)
full0SlhsyOxpos = {0, 0, 0, 0, 0, O}

d 1 d 1
(fullOS'thyOvZ /. {QI__1-0,Q[~] »0,Q{[~] - o}) // Collect[#, x, Factor] &;
X X

fullOSlhsyOxpos[[1]] = Select[%, Exponent[#, x] > O &]
Coefficient[fullOSlhsyOv2, Q[0, 0]] // Collect[#, x, Factor] &;
fullOSlhsyOxpos[[2]] = Select[%, Exponent[#, x] > 0 &] *Q[0, O]
Coefficient[fullOSlhsyOv2, Q[0, x]] // Collect[#, x, Factor] &;
fullOSlhsyOxpos[[3]] = Select[%, Exponent[#, x] > O &] *Q[0O, X] +

Select[%, Exponent[#, x] = 0 &] = (Q[0, x] -Q[0, 0]) +

Select[%, Exponent[#, x] = -1 &] » (Q[0, x] -Q[©, 0] - X Qo,1) +

Select[%, Exponent[#, x] = -2 &] * (Q[0, x] -Q[©, 0] - X Qo,1 - X"2Qo,2) +

Select[%, Exponent[#, X] == -3 &] * (Q[O, x] -Q[0, 0] -xQp,1 -X"2Qp,2 -Xx"3 Qe,3)
Coefficient[fullOSlhsyoOv2, Q[x, 0]] // Collect[#, x, Factor] &;
fullOSlhsyOxpos[[4]] = Select[%, Exponent[#, x] > O &] *Q[x, O] +

Select[%, Exponent[#, x] = 0 &] = (Q[x, ] -Q[0, 0]) +

Select[%, Exponent[#, x] == -1 &] * (Q[x, 0] -Q[06, 0] -le,e) +

Select[%, Exponent[#, x] = -2 &] * (Q[X, 8] -Q[0, 0] - X Q1,0 - X"2Q;,0) +

Select[%, Exponent[#, x] == -3 &] * (Q[x, 0] -Q[0, 0] -xQ1,-X"2Qz,0-Xx"3 Q3,0)

1
Coefficient[fulloSlhsyov2, Q[ =]] // Collect[#, x, Factor] &;
X

fullOSlhsyOxpos[[5]] = Select[%, Exponent[#, x] == 1 &] *Q[0, O]

1
Coefficient[fulloSlhsyev2, Q[ =]] // Collect[#, x, Factor] &;
X

fullOSlhsyOxpos[[6]] = Select[%, Exponent[#, x] == 1 &] % Qo,1
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(-a2+ab+a?b+b2-3ab’+a’b?) tx

C

Out[]=

oute]= (a3b—a2bz—a3b2—ab3+3a2b3—a3b3—a3c—2a2bc+4a3bc+

abc
2ab’c+a’b’c-4a’b’c+b’c-4ab*c+2a’b®c+a’b’c) txQ[o, 0]
t(a?-2a’b+b?-ab?+a2b?-b*+ab’+a?b’t?) x
Outf+]= - a2 (—l+b> bt3x?|Q[O, x] -
b

(-1+a+2b-2ab-b?+ab?+ab2t3-2a2b?t3-b3t3+2a2b*t3) (-Q[06, 0] +Q[6, x])
bt

1
b—(—a+a2+2ab72a2b+b2—2ab2+a2bz—b3+ab3fa2b2t37ab3t3+2a2b3t3)

X

(-Qo,1x-Q[O, 0] +Q[0, x]) -

(-1+a) (1+a) (-1+b) bt (-Qe,1 Xx-Qo,2x>-Q[0, 8] +Q[6, X])
2

+

+
X

(-1+a)a (-1+b) bt?(-Qo,1X-Qo,2X*-Qo,3x>-Q[0, 0] +Q[0, Xx])
3

X

t(a?-a*-a’b+a’b+b2-2ab’+a?b?+a’b?t?) x
ouel= | - +(-1+a)ab?t3x?2| Q[x, 0] +
a
(-1+2a-a?+b-2ab+a’b-at3+a?bt®-2a’b2t3+2a*b?t3) (-Q[06, 0] +Q[x, 0])
at
1
—(a®-a*-b+2ab-2a’b+a’b+b’-2ab’+a*b*-a*bt?-a’b*t?+2a’b?t?)
a X
(-Qi,0x-Q[0, 8] +Q[x, 0]) +
(-1+a)a (-1+b) (1+b) t (-Q1,0Xx-Qz,ex*-Q[0O, 0] +Q[X, 0])

x2

(-1+a)a(-1+b) bt? (-Qi,0Xx-Q,0%x*-Q3,0x>-Q[0, 0] +Q[X, O]
3

X

oup)- - (-1+a) (-1+b) (-2a+2b+ab) txQ[0, 0]

ouf-= 2 (-1+a) a (—l+b) b Qo,1 t? x

n= (% check it =)
fulloSlhsyov2 /.
{Q[O’ @] » QQcxy[12, 0, 0], Q[x, 0] » QQcy[12, 0], Q[0, X] » QQcxeval[l2, 0, X],

d 1 d 1
Q5[ —] - QQdkeval[12, 6, 1/x], Qj[—] » QQdkeval[12, 1, 1/x]};
X X

ApplyToSeries[Select[Expand[#] + X" (-x) +x” (-2 ), Exponent[#, x] > 0 &| &, %];
Total[fullOSlhsyOxpos] /.
{Q[o0, 0] -» QQcxy[12, 0, 0], Q[x, 0] -» QQcy[12, 0], Q[0O, x] -» QQcxeval[l2, 0, Xx],
Qo,1 » QQcxy[12, 6, 1], Q1,¢e -» QQcxy[12, 1, 0], Q0,3 » QQcxy[12, 0, 3],
Qo,2 » QQcxy[12, 0, 2], Q2,e » QQcxy[12, 2, 0], Q3,o » QQcxy[12, 3, 0]}
ApplyToSeries[Expand, %] ;
% — %%%

our-- 0[t] 2
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n-1= (* can do some eliminations x)
Total[fullOSlhsyoxpos] /. Solve[Q02eqn == 0, Qo,3]1 [[1]]};
% /. Solve[QOleqn == 0, Qo,2]1 [[1]]}
% /. Solve[Qlleqn == 0, Q1,>]1[[1]]};
% /. Solve[QOOeqn == 0, Qo,1]1[[1]11]}
% /. Solve[QlOeqn == 0, Q;,1]1[[1]11;
% /. Solve[Q20eqn == 0, Q;,1]1[[1]];
fullOoSlhsyOxposv2 = Collect[%, {Q[__], Q1,05 Q2,05 Q3,0}, Factor]
(* check it x)
Total[fullOSlhsyOxpos] /.
{Q[0, 0] » QQcxy[12, 0, O], Q[x, O] » QQcy[12, @], Q[O, Xx] -» QQcxeval[1l2, 0, x],
Qo,1 » QQexy[12, 0, 1], Q1,0 » QQexy[12, 1, 0], Qo,3 » QQcxy[12, O, 31,
Qo,2 » QQcxy[12, 0, 2], Q2,0 » QQcxy[12, 2, 0], Q3,0 » QQcxy[12, 3, 0] };
ApplyToSeries[Expand, %];
fullOSlhsy@xposv2 /.
{Q[o, 0] -» QQcxy[12, 0, 0], Q[x, 0] -» QQcy[12, 0], Q[0, x] - QQcxeval[l2, 0, Xx],
Q1,0 » QQcxy[12, 1, 0], Q2,e -» QQcxy[12, 2, 0], Q3,o -» QQcxy[12, 3, 0]}
ApplyToSeries[Expand, %];
% — %%%

ouf-]= - (-1+a) a (—l+b) (2+b) Qoet+2(-1+a)a (—l+b> bQ3’ot2+

. (abt?’-a’bt?’-ab’t?+a’b’t?+atx-a’tx-btx-abtx+2a’btx+b*tx-
ctx

a?b?tx-x?+ax?+2bx?-2abx?-b?2x?+ab?x?-a’bt3x?-ab?t3x?+
22°b?tx?-a’t?xP-abt?x*+3a’bt? X} +b*t? P -ab’t? x* - a’? b’ t? x*) +
:7Q1,@ (2a2bt2—2a3bt2—2a2b2t2+2a3b2t2—2a2btx+2a3btx+
2aZb?tx-2a%bZtx+a’x?-a3x?-2bx?+4abx?-3a’bx%+
albx?+2b?x2-4ab?x?+2a’?b?x2-2a*bt3x?-2a2b2t3x%+
4a3b2t3x2—2a2bt2x3+2a3bt2x3+2a2b2t2x3—2a3b2t2x3)—
_ (a°b*t?-a’b’t?-a’b’t?+a’b’t?+a’bct’-a*bct’-ab’ct?®+
abctx?
a®b?ct?+ab3ct?-a?b3ct?+a’btx-a’btx-ab?tx-a?b?tx+2a’bZ2tx+
abdtx-a’b®tx-a?ctx+a’ctx+a’bctx-albctx+b’ctx-ab’ctx-
bPctx+ab®ctx-abx?+a?bx?+2ab?x?-2a%2b?x?-ab3x?+a?2b¥x?+acx?-
a’cx?-becx?+albex?+bZcx?-ab?cx?-adb?t3x?-a?bit3x?+2a%b3t3x?-
a®bectdx?+a’?b?ctdix?+a®b?ctd3x?+ab3ctd3x?-3a?b3ct3x?+a’bdictdx?®-
adbt?x®-a?b?t?x3+3adb?t?2x3+abdt?x®-a?bit?x®-alpit?xd+adct?x3-
2abct?xP+atb’ct? P -bPct?xP+2abdct?x®-a?bct?x®) Q[o, 0] +
(bt+x-bx) (-at+a?t+x-ax+a?t?x?) (-bt+b?2t+x-bx+b2t?x?)Q[0, x]

bt x3
(@at+x-ax) (-at+a?t+x-ax+a?t?x?) (-bt+b2t+x-bx+b2t?x?)Q[x, 0]

atx3

our- - 0[t]*?
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n-1= (* the [xA>] part of the RHS s probably not algebraic x)
(* but it will be useful to name the coefficients x)
n = fullOSrhsyo /. Q[0, 0] - ©
Ne,e = Coefficient[fullOSrhsyo, Q[0, 0]]
(*» and then =x)
(» this is eqn (5.12) #)
fullOSrhsy0xpos = 6+ 6,0 Q[0, 0]
1

8 c x* (—t+x+xﬁ) NI
afa-b)b (3t (-1+2x3+8x%) +x* (-14/an )7 (1408 | 42422 (-1++/an )
(6+x3 (3+\/E)+\/E)+2tx3 (-1+M)2 (3+x3 (1+\/E)+2\/E)-
2 t3 x (—5+4x6 (1+\/E)+x3 (1+5M)+2M))
1
8 ¢ x* (—t+x+xﬁ)m
(a-b) (-be+a(b-cebe)) (3% (-1+2x3+8x%) +x* (-14+/an ) (1488 )+
2 t2 x2 (-1+\/E) (6+x3 (3+M)+M)+ztx3 (-1+M)2
(3+x3 (1+\/E)+2\/E)-2t3x (_5+4x6 (1+M)+x3 (1+5M)+2M))

Out[¢]= —

Out[«]=

Outf«]= 9+9@,@Q[0, 0]

m-= (*+ and we can evaluate them manually =x)
Clear [6s, 65¢,0]
6s[N_] :=
6s[N] = ApplyToSeries[Select[Expand[#] + X" (-x) +x” (-2 x), Exponent[#, x] > 0 &] &,

Series[n /. AA - A, {t, 0, N}]]

©se,0[N_] :=650,0[N] = ApplyToSeries|
Select[Expand[#] + X (-x) +x” (-2 x), Exponent[#, x] > 0 &] &,
Series([no,o /. AA > A, {t, ©, N}]]

n-= ApplyToSeries[Factor, 6s[9]]
ApplyToSeries[Factor, 6s¢,0[9]]
ala-b)bx?t® a(a-b)bx>t® a(a-b)bx2t® 2a(a-b)bx*t’

Outf+]= + + + +
c c c c
5a (a-b) bx3t8+5a (a-b) bx? (L+x) (1-x+x?) t9+0[t]l@
c c

(a—b) (ab—ac—bc+abc) x2 t3
Out[¢]= — -
c

(a-b) (ab-ac-bc+abc)x*t> (a-b) (ab-ac-bc+abc)x?t®

c c
2((a—b) (ab-ac-bc+abc) x“) t7 5((a—b) (ab-ac-bc+abc) x3)t8

C C

5((a-b) (ab-ac-bc+abc)x? (1+x) (1-x+x?)) t9+0[t]1°

C
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Section 5.3

n-j= (* the vector V, from egqn (5.14) =)
Vo, = {Q[0, ¥y, Q[1/x/y, 0], Q[0, 1/x/Yy]l, Q[y, O1};
(* then the coefficient matrix M, x)
M, = {Coefficient[mainFE@, V,], Coefficient[mainFEl, V,],
Coefficient[mainFE2, V,], Coefficient[mainFE3, V,],
Coefficient[mainFE4, V,], Coefficient[mainFE5, V,]}

~1+b- 2t ~1+b-bt “lra-ff
Out[+]= {{ﬁ,@,@,@},{ . b Xy: a s :010}:
~1l+b- 0t _l+a-23t
-1 -at
{0’0’ b 5 ) +aaa Xy}’{oyo’o’ fx}y
—lJra—‘—")Tt flerfbx;c
{07 » 0, O}) {0, 0, —, 0}}

a b

m-1= (* the vector C, is everything else, see eqn (5.14) x)
CC, = {mainFE®, mainFEl, mainFE2, mainFE3, mainFE4, mainFE5} /.
{Q[®, y] »0,Q[1/x/y, 0] »0,Q[0,1/Xx/Yy] >0, Q[y, 0] » 0}

(-ab+ac+bc-abc)Q[o, 0] (—l+a—%)Q[x,0]

1
outf*]= {—+ + s
C abc a
1 (-ab+ac+bc-abc)Q[0,0] 1 (-ab+ac+bc-abc)Q[o, 0]
- i
C abc "¢ abc ’
b
1 (-ab+ac+bc-abc)Q[0, 0] (’1+b*7t)Q[O>XJ
bl +
C abc b ’
1 (-ab+ac+bc-abc)Q[0,0] (-1l+b-btxy)Q[o, x]
- +
C abc b ’
£+ (-abrac+bc-abc)Q(o, 0] . (-l+a-atxy)Q[x, 0]}
C abc a
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n-1= (* My has rank 4 x)
MatrixRank[M;]
(*» so we have two choices for the nullspace vector N, )
Nullspace[ (Mz)7]
(» choose this one, see eqn (5.16) =)
NN, = Select[%, Last[#] = 0&][[1]] - (-bt-x+bx) (at+y-ay)/y // Factor
(» check x)
NN, .M, // Simplify
oute]= 4

(-bt-x+bx)y (bt+x-bxJy(l-a+atxy)

our-- {{0, 0, , 0, 1},

x(bt+y-by) * lat+x-ax) (bt+y-by)
(@at+x-ax)y(l-b+btxy] (-at-x+ax)y

{7 b ’0)0)1’0}}
(-bt-x+bx) (at+y-ay) X (at+y-ay)
Oul[]:{(at+X—aX) (l—b+btxy),

(—at-x+ax) (-bt-x+bx) (bt+x-bx) (at+y-ay)

» 0,0, ,0}

X y

our-- {0, 0, 0, 0}

1= (* this time we divide by the kernel and take the y”@ term,
as per eqn (5.17) =)

m-1= (* the LHS 1is straightforward x)
half0Slhs =
NN>. {Q[x, y1, Q[1/x/Yy, yl, Qly, 1/x/Yyl, Qly, x], Q[1/x/Yy, x], Q[x, 1/x/yl}
half0OSlhsyo = {0, 0, 0}
Coefficient[halfOSlhs, Q[x, y]] // Collect[#, y, Factor] &;
halfOSlhsy@[[1]] = Coefficient[%, y, O] * Q[x, O]
Coefficient[halfOSlhs, Q[1/x/y, x]] // Collect[#, y, Factor] &
halfOSlhsy®[[2]] = Coefficient[%, y, O] *Q[0, X]
Coefficient[halfOSlhs, Q[1/x /Yy, y]] // Collect[#, y, Factor] &
halfoSlhsy@[[3]] = %*Qd[1/ x]

oup)- (@t+x-ax) (1-b+btxy)Q[x,y]+
(bt+x-bx) (at+y—ay)Q[j,x} (—at-x+ax) (—bt—x+bx)Q[i,y}

y X
Outf+J= —(—l+b) (at+x-ax)Q[x, 0]

at (bt+x-bx)

ouf-}= - (-1 +a) (bt+x—bx>+
y

our)- = (-1+a) (bt+x-bx)Q[0, x]

(-at-x+ax) (-bt-x+bx)

Out[¢]= —
X

(—at-x+ax) (—bt—x+bx) Qg[ﬂ

Outf#]= —
X
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n= (% check it =)
halfOoSlhs /. {Q[ecks_, why_] -» QQeval[1l2, ecks, why]};
ApplyToSeries[Coefficient[Expand[#], y, 0] &, %];
Total[halfoSlhsye] /. {Q[x, @] » QQcy[12, 0],

Q[0, x] » QQcxeval[l2, 0, x], Qg[i] - QQdkeval[12, 0, 1/x]};
X

% - %% // Simplify
our- - O[t]*3
m-1= (* as for the RHS x)

(* this will be divided by the kernel x)
halfOSrhs = NN,.CC, // Collect[#, Q[__]1, Collect[#, y, Factor] &] &

abt?2-x2+ax?+bx2-abx? at(bt+x-bx)
+

c X cy
(ab—ac—bc+abc) (abtz—x2+ax2+bx2—abx2)

+

Outf]= —

btx (at+x-ax)y
C : abcx :
(ab-ac-bc+abc)t(bt+x-bx) (ab-ac-bc+abc)tx(at+x-ax)y
bcy ; ac
(bt+x-bx) (1-a-b+ab+abt?x)
Q[0,0}+[— 5 +

a <7l+b) t (bt+x—bx)

by
(at+x-ax) (l-a-b+rab+abt?x) (-l+b)t(at+x-ax)

+

a y

+(-1l+a)tx (bt+x—bx)y Q[O, x] +

+

(-l+a)btx (at+x-ax)y
a

Qlx, 0]
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n= (* we've already seen the factorisation of the kernel,

so we know how to deal with this *)
(* so now we can compute the y?0® term of the RHS )

Coefficient[halfOSrhs, y, -1] /YY; /Sqrt[aa] +
Coefficient[halfOSrhs, y, 0] /Sqrt[aa] +
Coefficient[halfOSrhs, y, 1] *YYe /Sqrt[aa];

half0Srhsy0 = Collect[%, Q[__1, Simplify]

ouf+J= (a (Zx2 (t+2t2x2—x(l+\/E))+
b (t-x) (t2 (3+4x3)—2tx(1+\/ﬁ)—x2 (1+m)2))+
x(t—x(l+\/ﬂ)) (—2x+b(t+x+xﬁ)))/(2cx(—t+x+X\/E)\/E)—
1 2 2,2
Zabcx(_t+x+x\/ﬁ)\/ﬁ (-bc+a(b-c+bc)) (a (2x <t+2t X 7x(1+M))+
b (t-x) (t2 (3+4x3)-2tx(1+m)_x2 (1+M)2))+
X(t—x(l+M)) (72x+b t+x+xm) )Q[0,0]+
((b (t-x) +x) (—2x((—l+a)t+2at2x2—(—l+a)x(l+m )+
b(zat3x2+t2 (—1+a—2ax3 (—1+\/E) S (-1+a) x? (1+\/E)2))
Q[@,x})/(sz(-t+x+xm) M)+
((a (t-x) +X) (—2x((—l+a)t+2at2x2—(—l+a>x(1+\/E)
b(zat3x2+t2 (—1+a—2ax3 (-1+M))-(-1+a> X2 (1+\/E)2))
Q[x,@})/(2ax(—t+x+xx/ﬂ) \/E)

n= (% check it =)

halfosrhs /K[x, y] /.
{Q[o, 0] - QQcxy[1l2, 0, 0], Q[O, x] » QQcxeval[l2, 0, x], Q[X, 0] » QQcy[12, O]};

ApplyToSeries[Coefficient[Expand[#], y, 0] &, %]}

halfOSrhsy0 /. AA > A /.
{Q[0, 0] » QQcxy[12, 0, 0], Q[0, X] _’Qcheval[lzy 0, x], Q[x, 0] »QQcy[12, 0]}

ApplyToSeries[Expand@xSimplify, %];
% — %%%

our-}= 0[£] 3

n-= (* and check some more %)

Total[half0Slhsy0] - halfOSrhsy® /. AA > A /.
{Q[G, 0] -» QQcxy[12, 0, 0], Q[0, x] » QQcxeval[l2, 0, X],

1
Q[x, 0] » QQcy[12, 0], Q§[~] -» QQdkeval[12, 0, 1/x]};
X
ApplyToSeries[Simplify,
%]

our-- O[t]13
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n-1= (* now combining the full-
orbit sum with the half-orbit sum to obtain eqn (5.20) =)
(* eliminating Q[O,x] =)
Total[half0Slhsy0] - halfOSrhsy0 /.
Solve[fullOSlhsyOxposv2 == fullOSrhsy@xpos, Q[0, x]1[[1]]};
1
halfosyo = C°1leCt[%s {Q[@, 01, Q[x, 0], Qg[_] » Q1,05 Q2,05 Q3,0}s FaCtor];
X
(» let's check it before doing anything else x)
halfOSy0 /. AA > A /. {6 65[9], 66,0 - 6S0,0[9]} /. {Q[x, 0] » QQcy[9, 0],

1
Q[0, 0] - QQcxy[9, 0, 0], Q§[ —] » QQdkeval[9, 0, 1/x], Q1,0 » QQcxy[9, 1, 0],
X

Q2,0 » QQcxy[9, 2, 6], Q3,6 » QQcxy[9, 3, 01} // Simplificate // Simplify

our-1= 0t] 10

nj- Coefficient[halfoSy® « (-at+a® t+x-ax+a®t?x?)
(—bt+b2t+x—bx+b2t2x2) *Sqrt[aA]l xax*2c, Q[x, 0]];
Numerator([%] /. AA - A // FullSimplify // Factor;
Denominator[%%] /. AA > A // FullSimplify // Factor;
%% /% // FullSimplify // Factor;
Ux,0 = -%
oup)- -2c (@at+x-ax) (-at+a’t+x-ax+a’t’x?)
(-at-bt+2abt+2x-ax-bx+2abt®x*) (-bt+b”t+x-bx+b®t?x?)

n - Coefficient[halfOSy0 « (-at+a’ t+x-ax+a®t?x?)
1
(-bt+b>t+x-bx+b>t?>x?) «+Sqrt[aa]l xax*2c, Q[—]];
X

ve

Sqrt|[

AA]
oup)-2ac (-at-x+ax) (-bt-x+bx)
(—at+a2t+x—ax+a2t2x2) (—bt+b2t+x—bx+b2t2x2>



Infe]:=

Out[*]=

Outf#]=

In[#]:=

Out[+]=

Outf#]=

Inf¢]:=

Out[#]=

Out[#]=

Coefficient[halfOSyo » (-at+a®t+x-ax+a’t?x?)

(—bt+b2t+x—bx+b2t2X2) *Sqrt[aA]l xax*2c, Ql,e];

Expand [Numerator [%] » (t - X+ X\ AA ) /+ AA > A /
Expand [Denominator [%] * (t -x+ x4 AA ) /. 8A - A];

t\2
% /. (1— —) -4t%x > Sqrt[aA] // Factor;
X

Factor[% /. AA - 0]
Factor[Coefficient[Expand[%%], Sqrt[AaA]]]

Hi,0

V1,0

—ctx(—at—bt+2abt+2x—ax—bx+2abt2x2>

(2a’bt*-2a’bt?-2a’b’>t?+2a’b?>t?-2a’btx+2a’btx+
2a’b?tx-2a*b’tx+a’?x?-a*x*-2bx*+4abx?-3a’bx*+
a®*bx?+2b?x?-4ab?x?+2a’b?x?-2a*bt3x?-2a?b?t¥x?+

4a’b’t’x?-2a’bt*x*+2albt?x®+2a?b?t? x*-2a’b? t? x3)

(a-b)ctx* (2a’bt?-2a’bt?’-2a’b’>t?+2a%b’ t?-
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2a’btx+2albtx+2a?b?tx-2a3b?tx+a?x?-a3>x>-2bx?>+4abx?-

3a?bx?+adbx?+2b?x?2-4ab?x?+2a?b?2x?2-2a3bt3x?2-2a2b2t3x%+

4a’b’t*x?-2a’bt?x*+2atbt?x¥+2a?b? t? x*-2a°b? t? x?)

Coefficient[halfOSy0 + (-at+a’t+x-ax+a’t?x?)

(-bt+b?>t+x-bx+b?>t?x?) »Sqrt[aa]l xax*2c, Q 0]}

Expand [Numerator [%] = (t -x+ x4 AA ) /.« 8A > A /
Expand [Denominator [%] * (t -x+ x4 AA ) /. 8a > A];

t\2
% /. (1——) -41t%x > Sqrt[aA] // Factor;
X
U2, = Factor[% /. AA -» 0]
v2,0 = Factor[Coefficient[Expand[%%], Sqrt[AA]]]

(-1+a)a’*(-1+b) (2+b)ct?x® (-at-bt+2abt+2x-ax-bx+2abt*x?

-(-1+a)a*(a-b) (-1+b) (2+b) ct’>x*

Coefficient[halfOSyo « (-at+a’t+x-ax+a’t?x?)

(-bt+b?>t+x-bx+b®>t?x?) «Sqrt[aa]l xax*2c, Qs,0];

Expand [Numerator [%] « (t -x+x4/AA ) /. A aA] /

Expand[Denominator [%] * (t - X+ X\ AA ) /. 88> A];

ty)2
% /. (1-—) -41t%x - Sqrt[aA] // Factor;
X

us,e = Factor[% /. AA - 0]
v3,0 = Factor[Coefficient[Expand[%%], Sqrt[AA]]]

-2 (-1+a)a’ (-1+b)bct’x® (-at-bt+2abt+2x-ax-bx+2abt?x?

2 (-1+a)a®(a-b) (-1+b) bct®x*
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n-- Coefficient [halfOSyO * (—a t+alt+x-ax+a’t? x2)
(-bt+b?>t+x-bx+b?t?x?) »Sqrt[aa] xaxx2c, Q[0, 0]];
Expand [Numerator [%] * (t -X+X w/ﬁ) /. AA A]/
Expand [Denominator [%] * (t— X + X \/E) /. 8A - A];

% /. (1-5)2-4t2x - Sqrt[aa] // Factor;

X
Ue,0 = Collect[% /. AA » O, 69,0, Factor]
vo,0 = Collect[Coefficient[Expand[%%], Sqrt[AA]], 6,0, Factor]

ouf- —4adb?ttr4atb?tt 433t -4a'bPtt+4abett-4atbett+4atbict?-
12a%b?ct*+8a*b?ctt-4a?bictt+8adbictt-4a*b3ctt+2albt3x-2a*bt3x+
2a2b?t3x+2ab?t3x-4a*b?t3x-2a?b3t3x-4a®b3t3x+6a*b3t3x-4a3ct3x+
4a*ct3x-6a’bectdix+1l1a’bect3x-5a*bctdix-2ab?ct3x+5a2b’ct3x-
3a*b?ct3x+2abdctdix+a?bictdix-7abictdix+4a*b3ctd3x+2a?bt?x?-
5a3bt?x?+3a*bt?x?+2ab?t?x?-11a?b?t?x?>+10a°b?t?x?-a*b?2t?2x?-
2ab3t?x?+9a?b3t?x?-5a3b3t?x?2-2a*b3t?x?+2a%ct?x?+adct?x?-
3a*ct?x?-4abct?x?+12a’bct?x?-16a°bct?x?+8a*bct?x?-2b2ct?x?+
15ab?ct?x?-28a?b2ct?x?+20a’b?ct?x?-5a*b?ct?x?+2b3ct?x?-
llab3ct?x?+14a2b3ct?x?-5a%b3ct?x?+4a*b?2t°x2+4a%b3t°x?-8a%*b3t5x?-
4a*bct?x?-8a’b?ct>x?+12a*b?ctx?-4a?b3ct®x?+12a°b3ct>x?-
8a'b3ct’x?-4abtx®+5albtx®-a*btx®+5ab2tx®*-3a’b?tx®-3a3b2tx3+
a*b?tx®-abdtx®P-2a?bdtx¥+3a®bdtxd+6actx®-13a2ctx3+8alctx®-
a*ctx®+6bctx®-25abctx®+32a?bctx®-14abctx®+a*bctx®-8bZctx3+
22ab?ctx®-20a?b?ctx3+6a’b?ctx®+2b3ctx®-3abdctx®+a?bdictxd-
2a*btt*x3+6adb?2ttx3-8a*b?t*x3-2a?b3t*x3-8a’b3t*x3+14a* b3t x3+
4a*tct*x3+3albet*x®-6a*bect*x3-3a?b2ct?*x3+10a%bZct?*x®-7a*b?cttx3+
2abdct*x®+6a’bdct*x®-19adb3ct?*x®+10a*b3ct*x3+2abx?-3a%bx*+
a’bx*-3ab?x*+4a’b?x*-a’b?x*+abdx*-a?b3x*-4cx*+8acx*-5a2cxt+
adcx*+6bcx*-11labcx*+6aZbcx*-albecx?*-2b%?cx*+3abZcx*-aZb?cx?-
adbt3x*-7a?b?t3x*+8ab?2t3x*+3a*b?t3x*-2ab3t3x*+12a%2b3t3 x4 -
9adbdit3xt-4a*bd3t3xt-alctdix?+8albct3x?-11albctd3x*+4a*bct3xt+
9ab?ctdix?-29a?b?ct3x*+24ab?ct3x*-5a*bZ2ct3x*+2b3ct3xt-
14abdctdx?+22a2b3ctdx*-9ab3ct3x*-4a*b3tbx*+4a*b?2ctéx?+
4a%b3ctéx*-4a*b3ctdx?-4a’bt?x>+7adbt?x’-2a*bt?x*+4ab?t?x’-
a’?b?t?x’-6a3b?t?x>+a*b?t?x>-2ab3t?x>+3a3b3t?x’-adct?x®*-4abct?x’+
6a’bct?x®-4b2ct?x®+13ablct?x’-12a?b2ct?x®+2ab?ct?x®+2b3ct?x5-
4ab3ct?x®+2a?bdct?x®-3a*b?t5 x5 -3a%b3to x5 +8a*b3t3x*-a*bct®x+
4a3b2ct®x®-3a*b?2ct’x’+3atb3ct®x’-11abdct®x’+6a*b3ct®x®-
2a*bt*x®+5a*b?t*xf+2a?b3t*xb-3a%b3t*x®-2a*b3t*xb+2a*ct? x®-
2adbct*x®-3a*bct*xb-2a?blct?x®+4a3b?ct*xb+a*b?cttxb-2abdcttxb+

5a°b’ct*x®-3a’b’ct*x®+actx® (-at-bt+2abt+2x-ax-bx+2abt’>x?) 6ee
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ouf-j= —a X (2a2b2t3—2a3b2t3—2a2b3t3+2a3b3t3—2a2bct3+2a3bct3—2ab2ct3+
6a’b’?ct3-4ab?ctd®+2abdct®-4a?b3ct3+2ab3ct3-2ab?t?x+2a%b?2t?x+
2ab3t?x-2a’b3t?x+2a’ct?x-2a%ct?’x-a’bect?’x+adbct?x+2b2ct?x-
ab?2ct?x-4a’b?ct?x+3a’b?2ct?x-2b3ct?’x+abdct?x+3a’b3ct?x-
2a’b3ct?x-2abtx?+3albtx?-a’btx?+5ab?tx?-6a2b?2tx?+a’b?tx?-
3abdtx?+3a?b3tx?+2actx?-5a%ctx?*+3actx?+2bctx?-8abctx?+
l1a’bctx?-5a%bctx?-5b?ctx?+1lab?ctx?-8a?b?ctx?+2ab?ctx?®+
3b3ctx?-5abdctx?+2a?bdctx?-2a’b?t*x?-2a’?b3t*x?+4a3b3t*x%+
2albcect?*x?+4alb?ct?*x?-6a’b?ct*x?+2abdct*x?-6aZb3cttx?+
4a3b3ct*x?+2bx3-3abx3+a’?bx®-3b?x3+4ab?x3-a?2b?x3+b3x3-abd3x3-
4cx3+7acx®-3a%2cx®+7bcx®-12abcx®+5a2bcx®-3b%2cx3+5ab?cx®-
2a’b?cx®-2a’b?t3x3+4a3p2t3x3+2ab3t3x3-4a¥b3t3x3-2a%ct3x3+
3aZbctd®x®+ab?ctdix®-10a?b?2ctd3x3+7alblctdix®-2b3ct3x3+2abdct3x3+
5a2b3ct3x®-4a3b3ct3x3+a’bt?x*+3ab?t?x*-6a?b?2t?x*+a3b2t?x*-
2abdt?x*+3a?b3t?x*-3alct?x*+2act?x*-2abct?x*+8a?bct?x*-
4albct?x*-3b2ct?x*+8ab?ct?x?*-8aZb?ct?x*+2a’b?ct?x?+2b3ct?x?-
4abdct?x*+2a?bict?xt+2adbpdtOx?-2a%blctdix*-2a?b3ctdx*+
2adb3ctix*+adb?ttxd+a?bittxi-2adbdttx’ -atbcttx® -2a?b?ctt x>+

3a’b’ct*x®-ab’ct*x®+3a’bPct*x®-2abPct?x®) ~a(a-b) ctx* o0
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nj- halfoSy@ « (-at+a’t+x-ax+a’t?x?) (-bt+b?>t+x-bx+b?t>x*) »Sqrt[aa] xa
1
xx2c/.{Qx, 8] >0, Q[0, 0] 0, Q1,0 >0, Q2,0 > 0, Q3,0 > 0, Q4[] » 0};
X

Expand [Numerator [%] « (t -x+x4aA ) /+ AA > A /

Expand [Denominator [%] * (t -x+xAA ) /. 8A > A];

% /. (1-5)2-4t2x - Sqrt[aa] // Factor;
X
u =Collect[% /. AA > 0, 6, Factor]
v = Collect[Coefficient[Expand[%%], Sqrt[aA]], 6, Factor]
our-ab (4a’btt-4a’btt-4a?b’tt 44’ bttt -2 P x+2a% P x-2abt?x-2a’btdx+
4a3bt3x+2ab?t3x+4a?b?t3x-6a’b?2t3x-2at?x?+5a2t?x?-3at?2x?-
2bt?x?+1labt?x?-10a’bt?x?+a’bt?2x?+2b%2t?x*-9ab?t?2x?+
5a2b?2t?2x?2+2a*b?2t?x?2-4abt’x?-4a?2b?t°x?+8a’b?t>x?+4tx3-
Satx3+adtx3-5btx®+3abtx®+3a’btx®-atbtx®+b2tx3+2ab?2tx®-
3aZb?txd+2adttx®-6a?bt*x3+8atbt*x3+2ab?t*x3+8aZb?ttx3-
14a%b?t*x3-2x*+3ax?-aZ2x*+3bx*-4abx*+albx*-b2x*+ab?x*+a?t3xt+
Tabt3x*-8a?bt3x*-3a’bt3x*+2b2t3x*-12ab?2t3x*+9a%2b?t3x*+
4a3p2t3x*+4a3b2tox*+4at?xP-T7alt?xP+2adt?x*-4bt?2x®+abt?2x®+
6albt?x’-albt?2x’+2b2t2x°-3a2b?t?x*+3a’bt®x>+3a%2b2t>x5-
8a3b2t5x5+2a3t4x6—5a3bt4x6—2ab2t4x6+3a2b2t4x6+2a3b2t4x6)+

actx®(-at-bt+2abt+2x-ax-bx+2abt’x?)o

ouf-j= abx
(2abt*-2a’bt’-2a’b*t?+2a’b?>t’-2abt?’x+2a’bt’x+2ab’*t?x-2a’b? t? x -
2atx?+3a’tx?-attx?+5abtx?-6a’btx?+a*btx?-3abZtx?+3aZb?2tx?-
2albtix?-2a’?b?t*x?+4a3b?t*x?+2x3-3ax3+a?x*-3bx3+4abx®-
a?bx3+b?x3-ab?2x3-2a?bt3x3+4a’bt3x3+2ab?t3x3-4a3b?2t3x3+
a?t?x*+3abt?x*-6a’bt?x*+atbt?x*-2ab?t?x*+3a%?b2t?x*+

22°p?t°x*+a’bt*x®+a’b?t*x®-2a’b? t*x%) ~a (a-b) ctx*e

n= (* check it all =)
- tix,0 Q[X, 0] - v§ SQrt[aa] QG[1/ x] + (u+v Sqrt[aa]) + (uo,e + Vo,0 SQrt[aa]) Q[O, 0] +
(Hl,o +Vi1,0 Sqrt[AA]) Q1,0 + (Hz,o +V2.0 Sqrt[AA]) Q2,0 + (Ils,e +V3,0 Sqrt[AA]) Q3,05
%/.0M>A/. {6-6s[12], 69,0 = 6S0,0[12]} /.
{Qrx, 6] » QQcy[12, 6], Q§[1/x] » QQdkeval[12, @, 1/x],
Q[o, 0] » QQcxy[12, 0, 0], Q1,0 » QQcxy[12, 1, O], Q2,0 » QQcxy[12, 2, O],
Qs,0 » QQcxy[12, 3, 0]} // Simplificate // Simplify

our-1= 0t] 13
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nj= (» now for the canonical factorisation (5.21)-(5,23)x)
Off[Root: :shr]

dy =Root[t?-2tw+u’ -4t28% &, 1];
d; =Root[t?-2tm+n’ -4 t2 1% &, 2];
ds = Root[t?-2t#+u’ -4 t? 4% &, 3];
X = Select[{d;, dz, d3}, Normal[Series[#, {t, ©, 3}]] = t+2t>2 &][[1]]

X; = Select[{d;, d;, d3}, Normal[Series[#, {t, 0, 3}]] = t-2t>2&]|[[1]]

1
X3 = Select[{d;, dz, d3}, Normal[Series[#, {t, ©, 1}]] = —2—2t&] [[1]1]

4t
Ser'ies[{Xl, X2s X3}7 {t’ 07 10}]
our- Root[-t2+2 tul-#1%+4t211% &, 2]
our - Root[-t2+2tul-#1%2+4t211% &, 1]
our- Root[-t2+2tal-#1%+4t211% &, 3]
1287 t17/2
oup- {t+2t2+6tt 421t 2 80t + ————— + 1344 104 O[] 2Y?,
4
1287 t17/2
t-2t2+6t*-21t12480t - —————— + 1344 t1° 4 0[t) Y2,
4

5 -2t-12t*-160t’-2688t°+0[t]}
4t

ne1= (* then the factorisation (5.24)-(5.26)%)

A= (1-X1/x) (1-X2/%);
Ap=1—X/X3;
A@=4tA2X3;

(» so that x)
A-Ag Ap Ay // FUllSimplify

outf-]1= @

nj= (% so that (5.27)-(5.28)%)
Series[1/Sqrt[ay], {t, 0, 5}]
Series[Sqrt[Ag Anl, {t, 0, 5}]

oup- L+2xt2+6x2tr+16xt>+0[t]®

t ; 2t 2¢° 6
ouf]= 1 - — -4 t> - - +0[t]
e X x2

m-1= (* now we divide by Sqrt[a,] and take the [x">] and [x"<] parts =)
(» for simplicity define =x)
AAp = (1-XXy /) (1-XX2 /%) 3
AAp = 1-Xx/XX33
ADg = 4 t 12 XX33
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n-1= (* the following two expansions will be useful =)
(+ the expansion of 1/Sqrt[a,] *)
Series[1/Sqrt[aay], {x, 0, 5}]
(*» and the expansion of Sqrt[A_] x)
Series[Sqrt[AA,], {X, Infinity, 5}];
ApplyToSeries[Factor, %]
X 3 x? 5 x3 35 x* 63 x°

our-j= 1 + + + + + +0[x]

2XX3  8XXZ 16XX3 128 XX} 256 XX3

6

SXXp - XXy (XXp - XXa)?

our-j= 1 + - -
2 x 8 x2
(XX1 - XX2) 2 (XXq+ XXz)  (XXg - XXz)? (5 XX3 + 6 XX1 XX + 5 XX3)
16 x3 128 x4
(xxl_xx2>2 (XX1+XXz) (7 XXZ +2 XXy XX + 7 XX3) o 1.6
256 x> i {x}

m= (% first take the [xA>] part =*)
(* unfortunately no matter what we do we will end up with
another unknown -- the simplest route involves dividing by x"4 x)

m= (* Q[x,0] term 1is straightforward x)
Hx,0 / X"4 /Sqrt[an,];
XposLHS1 = % » Q[x, 0] - SeriesCoefficient[%, {x, 0, -4}] /x 4
(Q[O, 0] + Q1,0 * X + Q2,0 * X "2+ Q3,0 % X"3+Qq,0 % X"4) -
SeriesCoefficient[%, {x, 0, -3}] /x"3* (Q[O, 0] +Q1,@*x+Q2,@*x’\2+Q3,0*x/\3) -
SeriesCoefficient[%, {x, 0, -2}1/x"2 (Q[0, 0] + Q1,0 * X+ Q2,0 * X"2) -
SeriesCoefficient[%, {x, 0, -1}] /x"1x (Q[0, O] + Q1,0 *X) -
SeriesCoefficient[%, {x, 0, 0}] *Q[0, 0] // Simplify
(* check it x)
Hx,0/X"4 /Sqrt[ap] *Q[x, 0] /. {Q[x, 0] > QQcy[9, 0]};
ApplyToSeries[Select[Expand[#] + X (-x) +x” (-2 x), Exponent[#, x] > 0 &| &, %];
XpoSLHSL /. {XX1 - X1, XX2 » X2, XX3 = X3} /.
{Q[x, 0] - QQcy[9, 0], Q[0, 0] » QQcxYy[9, 0, 0], Q1,0 » QQcxy[9, 1, O],
Q2,0 » QQcxy[9, 2, 0], Q3,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0] };
%-%% // Simplify

Outf+ = C (-16XX3 (-16 XX3 + 12 b XX3 (t+2XX3) -

64 XX3
b? (3t?+16tXXs+8XX5) +b>t (3t+4XXz+8t*XX3)) +
16 a XX3 (-4 XX3 (t+10 XX3) +b (3 1%+ 40 t XX3 + 56 XX3) +
403t (3t+2XX3+12t2XX3) - b? (15t + 44 t XX3 + 16 XX3 + 24 t> XX3) ) +
a*t (-8 (5t? XX3-8XX3 +8t3XX3) -3 b?t (351t%-48XX3 + 96 t3 XX3 - 256 t XX +
128 t* XX3) + 2 b3 t? (-40 XX + 144 t* XX3 + 384 t3 XX3 + t (35- 192 XX3) ) +
b (-144 t XX3 +48 t* XX3-64 XX3 - 40 t* XX3 (-3 +16XX3) +5t> (7+64XX3))) +
a? (32XX3 (-3 1%+ 8t XXz +16XX3) +b>t (-288t XX3 +48 t* XX3 - 64 XX3 - 1408 t2 XX3 +
t? (35-64XX3)) -8bXXs (12 t% XX3 + 112 t XX3 + 80 XX3 + 31> (-5+ 16 XX3) ) +
b? (480 t? XX3 + 704 T XX3 + 128 XX§ + 24 t3 XX3 (-5+ 64 XX3) - t* (35+ 64 XX3))) +
a® (8 XX3 (12 t2XX3-32t XX5-16XX3+t> (5+16 XX3)) + b3 t?
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(144 XX3 - 288 t> XX3 - 384 t* XX3 + 16 t XX3 (5 + 48 XX3) +3 t* (-35+ 128 XX3) ) +
b (192 t% XX3 + 512 t XX3 + 128 XX3 + 48 > XX3 (-5 + 16 XX3) - t* (35 + 256 XX3) )

.
4Db%t (-108 t XX3 + 48 t* XX3 - 64 XX3 + t? (35+ 32 XX3) + t? (30 XX3 - 448 XX3) ) ) )
1

Q[o, 0] + ct(-8(-1+b)bXX3 (-6XXz+b (t+2XXs)) +

8 x XX3
8a (-1+b) XX3 (2XX3+4b” (t+XXs) -b (t+18XXs)) +
a® (16 XX3 (-t +4XX3) -~2bXX3 (-9t + 8t XXz + 112 XX3) +
b® (-48 t XX3+ 8 t* XX3 - 16 XX3 + t* (5-16XX3)) +
b? (-18 t? XX3+ 80 t XX3 + 176 XX3 -t (5+ 16 XX3))) +
a® (2XX3 (3t2+8tXX3-32XX3) -3b>t (-4t XXs-8XX5+16t>XX5+1t* (5-32XX3)) +
2b? (9t XX3-36 t XX3+ 16 t* XX3-32XX3+2t> (5+8XX3)) +
b (-36t? XX3+32 t XX3+ 128 XX - t% (5+64 XX3))) +
a* (-2XX3 (3t7-8XX3+8t3XX3) -3b? (53-8t XX3+16t*XX3) +
2b%t? (-6 XX3+24 2 XX3+t (5-48XX3)) +
b (18 t* XX3-24 t XX3+8t* XX5- 16 XX3 +t> (5+80 XX3)))) (Qu,ex+Q[0, 0]) +

2 2 2 2 2
e X ct? (-8 (-1+b)b*XX3+8ab (1-5b+4b%) XX3+

a2 (4b (3t—4XX3> XXz - 16 XX3 + b? (—3t2—12tXX3+80XX§) +
b® (3t2-48XX3+8t>XX3)) +a> (4XXs (t+4XXs) +b (-3 t%-24t XX3+32XX3) +
b3 (-9 t? + 8t XX3+24 XX5-48 3 XX3) +4b? (3t?+3 t XXs- 18 XX3+8 3 XX3)) +
a* (-4t XX3+2b%t (3t-4XX3+24t>XX5) +b (312 + 12t XX3-24XX3+8t>XX3) -
3b? (3t?-8XX5+16t3XX3)))
1
x3 XX3
(b (-bt+6XXs) +a (2b* (t-2XXs) +2XXs-b (t+4XXs)))
(Q1,0X+Q2,0 x? +
Qs,0 X>+Q[0, 0]) +
2 (-1+a)a’(-1+b)b(-b+a(-1+2b))ct* (Q,ox+Qz,0x*+Q3,6%>+Qs,ex*+Q[0, O])

(Q1,0X+Q2,0X2+Q[0, 0]>+ (-1+a) a? (—l+b>ct3

X4

C
(a (t-X) +X)
(x-a (t+x)+a”t (1+tx?))

(x-b (t+x)+b?t (1+tx?))

(2x-b (t+x)+a ((-1+2b) t-x+2bt*x?))
Q[

X, 0]

our-- O[t]*®
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m- (+ then the QJ[1/x] term =)
Ve /XM4 % Sqrt[Ane AAy] 3
SeriesCoefficient[%, {x, Infinity, -2}] *x"2 (Q[0, 0] +Qs,1 /X) +
SeriesCoefficient[%, {x, Infinity, -1}] »x (Q[0, 0]);
% /. Solve[QlOeqn == 0, Q1,:]1[[1]1]}

XposLHS2 =% /. w/ t2 XX3 - tSqrt[XXs] // Simplify
(* check it x)
ve/XM4 % Sqrt Ao An] *Q[1/x] /. {Q§[1/x] » QQdkeval[9, 0, 1/x]};
ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XxposLHS2 /. {XX1 = X1, XX » X2, XX3 = X3} /.

{Q[0, 0] -» QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, 0], Q2,6 » QQcxy[9, 2, 01}
% -%% // Simplify[#, Assumptions » t > 0] &

ouf )= 2@ €t x4 XXz
([-2(-1+a)a®(-14b)?+2b (- (-1+2)2 (-1+b) -a? (-b+a (-1+2b)) t*) -
(-1+a) a® (~1+b) b2t (XXy+XX2) | Q[0, 0] +
2 (-1+a)a(-1+b) b2t (Qe+at (-Q,0+xQ[0, 0})))

our- - O[t]*®

= (* then the Qi,0 term x)
uie/x"4/Sqrt[an,];
%- (Series[%, {x, 0, 0}] // Normal) // Simplify;
Vi,0/X"4 % SQrt[Ang AAy] 3
(» the addition of the (O[X,Inf'in'ity]’\l)*x term is because some versions of
Mathematica seem to include unwanted terms when expanding around infinity =x)
Series[%, {x, Infinity, -1}] + (O[x, Infinity] A1) »x /.

4/ t2 XX3 - t Sqrt[XXs] // Normal;

XpOSRHS1 = (%%%+% // Simplify) xQie

(* check it x)

Series[(u1,0+ v1,0 SArt[al) /x"4 /sqrt[ay], {t, 0, 10}];
ApplyToSeries[Select[Expand[#] +x” (-x) +x” (-2 ), Exponent[#, x] > 0 &] &, %];
Series|[xposRHS1 /Qy,e /. {XX1 » X1, XXz » Xz, XX3 = X3}, {t, 0, 10}];

%-%% // Simplify[#, Assumptions » t > 0] &
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Out[+]= C Ql,O t

-4 (-1+a)a’(-1+b)b*t’-2(-1+a)a’ (-1+b)b (-b+a(-1+2b))t>- (-2+a+b)

(2(-1+b)b-4a(-1+b)b+a®(-1+b-2bt?+4b’>t?) +a® (1-3b-2b> (-1+t3))) +
2 (-1+a)a’(-1+b)b(-b+a(-1+2b))t3 1

x3

(2x—b(t+x)+a ((7l+2b> t—X+2bt2X2)> <72 (—l+b> bx?+4a (—l+b> b x? +
a® (x?-2b7t (t-x+22x2-tx3) +b (-2tx-x?+2t3 7217 (-1+x3))) +
a® (-x?+2b? (—tx -2+ -7 (-143) ) +b (2t x+3x2 4217 (-14X3)))) +

5(-1+a)a’(-1+b)b(-b+a(-1+2b))t> 3(-1l+a)a?(-1+b)b(-1+ab)t?

+
8 Xx3 2 XX3
1
2 XX3
at (1+12b°t2+b* (4-12¢t%) +b (-5+2t3)) +
a’ (-1+12b+b® (6-12t3%) +b* (-17+8t%))) -4 (-1+a) a* (a-b) (-1+b) b
-l+b)bt? (-bt+a (-1+2b) t+4XXs-4abXXs)

-1 2
t3x1/XX3+( ra) @t | +

X2 XX3

t(-2(-1+b)b*+2ab (1-5b+4b*) +a’b (-9+21b+2b* (-6+1t%)) +

1

t (-8 (-1+b)b>XX3+8ab (1-5b+4b%) XX+
4 x XX2

a’b (4 (2t-9XXs) XXz +b (-3 12 -8t XX3+84XX5) +b? (3t*-48XX3+8t3XX])) +
a® (4XX3+2b%t (3T -4XX3+241t>XX3) +b? (-9 1% +8 1t XX3+16XX3-48t3XX3) +
b (3t2-20XX53+8t>XX3)) +a® (-4XX5+b (-3 t% -8t XX3+48XX3) +

b3 (-9 t? + 8t XX3 + 24 XX5 - 48 3 XX3) + 4 b? (32 - 17 XX5+ 8 t* XX3) ) )

oui-l- O[t]%
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= (* then the Q0 term x)
2,0/ X"N4 /Sqrt[an,];
%- (Series[%, {x, 0, 0}] // Normal) // Simplify;
V2,0 /X N4 % SQrt[Adg Alp] 3
(» the addition of the (O[X,Inf'in'ity]"l)*x term is because some versions of
Mathematica seem to include unwanted terms when expanding around infinity =x)
(Sseries[%, {x, Infinity, -1}] + (O[x, Infinity] 1) «x) /.

4/ t2 XX3 - t Sqrt[XXs] // Normal;

XpOSRHS2 = (%%% +% // Simplify) x Qa0

(* check it x)

Series[ (uz,0 + v2,0 SQrt[al) /x"4 /sqrt[a,], {t, 0, 10}];
ApplyToSeries[Select[Expand[#] + X" (-x) +x” (-2 ), Exponent[#, x] > 0 &] &, %];
Series|[xposRHS2 / Q.0 /. {XX1 » X1, XXz » Xz, XX3 = X3}, {t, 0, 10}];

%-%% // Simplify[#, Assumptions » t > 0] &

b-2ab) t
Outf+]= (*l+a)az(fl+b> (2+b>cQ2,0t2 72+a+b+<a+ a ) .
X

2x-b (t+x)+a((-1+2b)t-x+2bt*x?) (a+b-2ab)t
+
2 XX3

our-1= 0t] 11
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= (* then the Qs,0 term x)
Hs,o /X"4 /Sqrt[any];
%- (Series[%, {x, 0, 0}] // Normal) // Simplify;
V3,0 /X 4 % SQrt[Adg Alp] 3
(» the addition of the (O[X,Inf'in'ity]"l)*x term is because some versions of
Mathematica seem to include unwanted terms when expanding around infinity =x)
(Sseries[%, {x, Infinity, -1}] + (O[x, Infinity] 1) «x) /.

4/ t2 XX3 - t Sqrt[XXs] // Normal;

XpOSRHS3 = (%%% +% // Simplify) xQs,e

(* check it x)

Series[(us,o+vs,o Sqrt[al) /x"4 /sqrt[a,], {t, 0, 10}];
ApplyToSeries[Select[Expand[#] + X" (-x) +x” (-2 ), Exponent[#, x] > 0 &] &, %];
Series|[xposRHS3 /Qs,0 /. {XX1 » X1, XXz » Xz, XX3 - X3}, {t, 0, 10}];

%-%% // Simplify[#, Assumptions » t > 0] &

our)- (-1+a) a® (-1+b) bcQs,et?

2 (-b+a(-1+2b)Jt 2(-2x+b(t+x)+a(t-2bt+x-2bt?x?))

+ —

X

% 1- X
XX3

~4XXz+b (t+2XXs) +a (t-2bt+2XXs)
XX3

oul- O[]

n-1= (* now the constant term and the Q[0,0] coefficient are not so nice,
since they contain non-algebraic terms x)
(* in particular v and ve,, cause trouble because they lead to
(series with 1/x coefficients)«(series with x coefficients) =)

(* so the best we can do is give them a name or evaluate them manually =)

n-= (* the constant termsx)
XposRHS4s[N_] := ApplyToSeri es[
Factor[Select[Expand[#] + X" (-x) +x" (-2 x), Exponent[#, x] > 0 &]] &,
u/x"a/sqrt[ap] +v /x"4xSqrt[ae Ayl /. € > 6s[N]]

n-1= (* the Q[0,0] termx)
XpOosSRHS5s[N_] := ApplyToSer“ies[
Factor [Select[Expand[#] + X" (-x) + X" (-2 x) , Exponent[#, x] > 0 &]] &,
Ho,o/X"4 /Sqrt[ap] +ve,0 /X 4 % Sqrt[Ae Anl /. 60,0 - 6S0,0[N1] *Q[O, 0]
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n[-]= XPOSRHS4s[3]
XpOosSRHS5s[3]
our- 2 (-1+a)?ab (—2+a+b) X t2 -
2((-1+a)ab(-6+7a-2a’+5b-7ab+3a’b-b*>+ab?) x*) t*+0[t]®

outfe}= -2 ((—1+a)2 (—2ab+a2b+ab2+4c+a2c—6bc+
abc-2a’bc+4b’c-3ab’c+a’b’c-b’c+ab’c)xQ[o, 0]) t*+
2(-1+a) (-6ab+7a’b-2a’b+5ab*-7a’b*+3a’b*>-ab’+a’b’+12c-
12ac+3a?’c-18bc+19abc-5a’bc+10b*c-11ab?c+3a?b?c-
a’b’c-2b*c+3ab’c-2a’b’c+a’b’c) x*Q[0, 0] t*+0[t]>

nj= (% then constructing equation (5.29) x)
(* multiplying everything by x"4 keeps the
powers of x in the Q[0,0] coefficient non-negative x)
Pxo=-(-at+a’t+x-ax+a’t’x®) (-at-bt+2abt+2x-ax-bx+2abt?x?)
(—bt+b2t+x—bx+b2t2X2);
ox,0 = X"4 % Factor [Coefficient[xposLHS1, Q[Xx, 011 /Py0];
O1,0 =
x"4 x Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3, Q;,0] //
Factor;
02,0 = X" 4 % Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3, Q0] //
Factor;
03,0 = X"4 x Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3, Q3,0] //
Factor;
04,0 = X" 4 x Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3, Q4,0] //

Factor;
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mn-1= (* these are unwieldy and it will be more useful to have series expansions x)

(» first define these )
Clear [Xs;, XSy, XS3, 0Sx,05 0S1,05 0S2,05 0S3,05 OS, 0Sg,0, XPOS00]
Xsi1[n_] :=Xs;[n] = Series[X;, {t, 0, n}]
Xs,[n_] := Xs,[n] = Series[X,, {t, 0, n}]
Xs3[n_] := Xs3[n] = Series[X3, {t, 0, n}]
(» then %)
o0Sx,0[N_] := 0Sx,0[n] = ApplyToSeries[Factor,

Simplify[oy,e /. {XX1 » Xs1[n], XX; » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
0S1,0[N_] = 0S1,0[n] = ApplyToSeries[Factor,

Simplify[oy,e /. {XX1 » Xs;[n], XX5 » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
0S2,0[N_] := 0S2,0[n] = ApplyToSeries[Factor,

Simplify[os,6 /. {XX1 » Xs1[n], XX; » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
0S3,0[N_] := 0S3,0[n] = ApplyToSeries[Factor,

Simplify[os,0 /. {XX1 » Xs1[Nn], XX; » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
(* 04,0 is a polynomial so we don't need to do anything with it x)
(» these will also be useful x)
Xpos00[n_] := xposOO[n] = ApplyToSer‘ies[Factor,

Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3, Q[0, O]] /.

[1
{XX1 » Xs1[Nn], XXz » Xs,[n], XX3 » Xs3[n]} /. —2->1/t]
t

(* then %)
os[n_] :=os[n] = x4 x ApplyToSeries[Factor,
XposRHS4s[n] /. {XX; » Xs;[n], XX; - Xs,[Nn], XX3 » Xs3[n]} // Simplificate]
0Sp,e[N_] :=0Se,e[N] = x"4 *ApplyToSer'ies[Factor,
(xposRHS5s[n] /Q[©, 0] + xpos@O[n]) /.
{XX;1 » Xsy[n], XXz » Xs3[n], XX3 » Xs3[n]} // Simplificate]

m= (% check it =)
-0Sx,0[9] Px,0 Q[X, 0] +0S1,0[9] Q1,0 +
0S2,0[9] Q2,0 + 053,0[9] Q3,0 + 04,0 Q4,0 + 0S[9] + 0Se,0[9] Q[O, O] /.
{Q[x, 0] » QQcy[9, 0], Q1,0 » QQcxy[9, 1, O], Q2,0 » QQcxy[9, 2, 0],
Q3,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0], Q[0, 0] » QQcxy[9, O, O]};
% // Simplificate;
ApplyToSeries[Factor, %]

our- - O[t]*®
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n= (* next for the [x7<] part =x)

(* things will be simplest if we divide by xA5 first x)

(» start with the Q¢ part x)

Ve /XN5 % Sqrt[Ang AAy] 3

%% Q§[1/x] - SeriesCoefficient[%, {x, Infinity, -1}] *x (Q[0, 0] +Q1,1 /X) -
SeriesCoefficient[%, {x, Infinity, 0}] xQ[0, O]

Simplify[%, Assumptions - t > 0 &&Xx > 0]

xnegLHS1 = % /. Solve[QlOeqn == 0, Q1,;] [[1]]

(» check it x)

Ve /XN5 % Sqrt[Afg AAy] * Q9 [1/ X] /. {XX1 > X1, XXz = Xz, XX3 > X3} /.
Qd[1/x] » QQdkeval[9, 0, 1/x];

ApplyToSeries[Select[Expand[#] + x 7w+ X" (2x), Exponent[#, x] < 0 &| &, %];
XnegLHS1 /. {XX1 - X1, XX2 - X2, XX3 - X3} /. {Q3[1/x] » QQdkeval[9, 0, 1/x],
Q[0, 0] - QQcxy[9, 6, 0], Q1,0 » QQcxy[9, 1, 0], Q2,0 » QUcxy[9, 2, 01};
Simplify[%, Assumptions » t > 0&&x > 0]}

% - %%% // Simplify

L (-2 (-1+a)a? (-14b)?+2b? (- (-1+a)? (-1+b) -a® (-b+a (-1+2b)) t?) -
2

(-1+a) a? (-1+b) b2 €% (XXy +XXz) | 4/XXs Q[0, 0] -

-a t
(*l+a) aZ (*l+b) b2t5 XX3 M
at

t(a(t-x)+x) (b (t-x)+x) (x-a(t+x)+a’t (1+tx?))

ou-]= 4ac

+ —
X

+xQ[0, 0]

(x-b (tex) +b>t (L+tx?))/ (x-XX) (x-XXz) XX3 QF]

]

X |

our-j- O[t]*°

n-= (* then for the Q[x,0] part %)
Hx,0 /X"5/Sqrt[an,];
SeriesCoefficient[%, {x, 0, -5}] /X 5«
(Q[O, 0] +Q1,@*X+Q2’9*X"2+Q3,0*X"3+Q4,@*X’\4) +
SeriesCoefficient[%, {x, 0, -4}] /x"4 % (Q[0, 0] +Q1,0* X +Qz,0%X"2+Q3,0 % X"3) +
SeriesCoefficient[%, {x, ®, -3}] /x"3« (Q[0, 0] + Q1,0 %X +Qz,0 % X"2) +
SeriesCoefficient[%, {x, 0, -2}]1/x"2 (Q[0, 0] + Q1,0 * X) +
SeriesCoefficient[%, {x, 0, -1}] /x*Q[0, 0]}
xnegLHS2 = Collect[%, {Q[0, 0], Q1,05 Q2,05 Q3,05 Q4,0}]
(* check it =)
Hx,0 / XA5/Sqrt[an,] *Q[x, 0] /. {XX1 » X1, XXz » X2, XX3 » X3} /.

Q[x, 0] » QQcy[9, 0];
ApplyToSeries[Select[Expand[#] + x 7w+ X" (2x), Exponent[#, x] < 0 &| &, %];
xnegLHS2 /. {XX1 » X1, XX3 » X2, XX3 » X3} /.

{Q[0, 0] » QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, 0],

Q2,0 » QQcxy[9, 2, 0], Q3,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0]}

%-%% // Simplify

2acQot(-at+a’t) (-at-bt+2abt) (-bt+b?t)

Out[¢]= — +
X
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2act(-at+a’t) (-at-bt+2abt) (-bt+b?t)
Q3,0 (— = -
1ocla (1-b) t(-at+a’t) (-at-bt+2abt)+ (-bt+b’t) (a(2-a-b)t
X
(-at+a’t)+(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
at(-at+a’t) (-at-bt+2abt) (-bt+b?t)
.
2 XX3
2act(-at+a’t) (-at-bt+2abt) (-bt+b?t)
Q1,0 |- ” -
1
X—32c a(l-b)t(-at+a’t) (-at-bt+2abt)+(-bt+b’t) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
at(-at+a’t) (-at-bt+2abt) (-bt+b2t)
2 XX3
i2c (1-b) (22°bt? (-at+a’t)+(-at-bt+2abt) ((1-a)?+a’t?) +
X
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+
(-bt+b?t) ((1-a)a’t? (-at-bt+2abt)+(2-a-b) ((1-a)?+a’t?) +
2abt? ((1-a)at+(l-a) (-at+a’t)))+b’t? (a(2-a-b)t(-at+a’t)+
(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
5at(-at+a’t) (-at-bt+2abt) (-bt+b’t) 1
N
16 XX3 8 XX3
3(a(l-b)t(-at+a’t) (-at-bt+2abt)+(-bt+b’t) (a(2-a-b)t
(-at+a’t)+(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))+
(ab>t® (-at+a’t) (~at-bt+2abt)+ (-bt+b?t)
2 XX3
(2a’°bt?® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+(1-b) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))|-
Lo ab’t® (-at+a’t) (-at-bt+2abt)+ (-bt+b”t)
X2
(2a’bt® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+(1-b) (a(2-a-b)t
(-at+a’t)+(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
3at(-at+a’t) (-at-bt+2abt) (-bt+b?t) 1
.
8 XX2 2 XX3
(a(l1-b)t(-at+a’t) (-at-bt+2abt)+(-bt+b’t) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+ (1-a) (—at+a2t))))J]+
0 2act(-at+a’t) (-at-bt+2abt) (-bt+b?t)
2,0 | —

x3
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2c|a (1-b)t(—at+a2t) (—at-bt+2abt)+

(-bt+b*t) (a(2-a-b)t(-at+a’t)+
(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
at(-at+a’t) (-at-bt+2abt) (-bt+b2t)
2 XX3

1
—2cC

ab?t3 (—at+a2t) (—at-bt+2abt)+(—bt+b2t)
X

(2a’bt? (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+(1-b) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
3at(-at+a’t) (-at-bt+2abt) (-bt+b?t) 1
N

8 XX3 2 XX3
(a (l—b)t(—at+a2t) (-at—bt+2abt)+(-bt+b2t) (a (2—a-b) t

(-at+a’t)+ (-at-bt+2abt) ((1-a)at+ (1-a) (at+azt))))J]+

( 2act(—at+a2t) (—at—bt+2abt) (—bt+b2t)

x>

1
X4
2c|a (l—b)t(—at+a2t) (—at—bt+2abt>+

(-bt+b?t) (a(2-a-b)t(-at+a’t)+

(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
at(-at+a’t) (-at-bt+2abt) (-bt+b2t)
2 XXs )

1
X—22c (1-b) (2a°bt? (-at+a’t)+(-at-bt+2abt) ((1-a)?+a’t?) +

(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+
(-bt+b?t) ((1-a)a’t? (-at-bt+2abt)+(2-a-b) ((1-a)?+a’®t?) +
2abt? ((1-a)at+(l-a) (-at+a’t)))+b’>t? (a(2-a-b)t(-at+a’t)+
(-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
5at(-at+a’t) (-at-bt+2abt) (-bt+b’t) 1
16 XX3 +sxxg
3(a(l-b)t(-at+a’t) (-at-bt+2abt)+(-bt+b’t) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))+

(ab>t® (-at+a’t) (~at-bt+2abt)+ (-bt+b’t)
2 XX3

(2a’bt?® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+(1-b) (a(2-a-b)t

(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))|-

tac (-bt+b*t) ((1-a)a’(2-a-b)t?+2abt®((1-a)?+a’t?))+
X
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b>t? (2a’bt® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(1-a) (-at+a’t)))+
(1-b) ((1-a)a*t’> (-at-bt+2abt)+(2-a-b) ((1-a)>+a’t3)+
2abt’((1-a)at+(l-a) (-at+a’t)))+
35at (-at+a’t) (-at-bt+2abt) (-bt+b?t) 1
128 Xx3 +16xx§
5(a(l-b)t(-at+a’t) (-at-bt+2abt)+(-bt+b’t) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))+

1
8 XX3

3(ab?>t®(-at+a’t) (-at-bt+2abt)+ (-bt+bt)

(2a’bt® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) + (2-a-b)
((1-a)yat+(1-a) (-at+a’t)))+(1-b) (a(2-a-b)t

(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))+
1

2 XX3

((1-b) (2a’bt® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?)+

(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+
(-bt+b*t) ((1-a)a’t? (-at-bt+2abt)+(2-a-b) ((1-a)?+a’t?) +
2abt’ ((1-a)at+(l-a) (-at+a’t)))+b*t?> (a(2-a-b)t

(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t))))|-

Loclape (-at+a’t) (~at-bt+2abt)+ (-bt+b’t)
x3

(2a’bt® (-at+a’t)+ (-at-bt+2abt) ((1-a)?+a’t?) +
(2-a-b) ((1-a)at+(l-a) (-at+a’t)))+(1-b) (a(2-a-b)t
(-at+a’t)+ (-at-bt+2abt) ((1-a)at+(l-a) (-at+a’t)))+
3at(-at+a’t) (-at-bt+2abt) (-bt+b?t) 1
8 XX2 +2XX3
(a(l-b)t(-at+a’t) (-at-bt+2abt)+
(-bt+b*t) (a(2-a-b)t(-at+a’t)+

(-at-bt+2abt) ((1-a)at+ (1-a) (—at+a2t))))]JQ[0,0}

our-- O[t]1®



38 | Kreweras - final.nb

= (* then the Q0 part =x)
Hi,0/X"5/Sqrt[an,];
(Series[%, {x, 8, -1}1) // Normal // Simplify;
V1,0 /X"5 % Sqrt[Adg Ap] 3
(* the O[x,Infinity] term is to deal with some

versions of Mathematica including unwanted things x)

%- (Normal[Series[%, {x, Infinity, 0}] +O[x, Infinity]*1]);
xnegRHS1 = (%%% + %) * Q1,0 // Simplify[#, Assumptions » t > 0&&x > 0] &
(* check it x)
Series[ (u1,0+ v1,0 SArt[al) /xA5/sqrt[ap], {t, 0, 9}];
ApplyToSeries[Select[Expand[#] + x 7w+ X" (2x), Exponent[#, x] < 0 &| &, %];
Series|[xnegRHS1 /Qi,0 /. {XX1 » X1, XXz » Xz, XX3 = X3}, {t, 0, 9}];
Simplify[%, Assumptions » t > 0&&x > 0]
% - %%% // Simplify

32 (-1+a)a® (a-b) (-1+b) bt?/XXs +

1
X—416 (a-b)t(2(-1+b)bx*-4a(-1+b)bx*+

1
Outf+]= — C Ql,O t
8

a? (x2—2b2 (-tx-x2+ 3 x-t? (—l+x3))—b (2tx+3x*+2¢2 (—l+x3)>)+
a’ (-x?+2b?t (t-x+2t2x*-tx®) +b (2tx+x*-2t3x*+2t* (-1+x7))))

\/(X—XXI) (x - XX5) XX3 + 0

(8 (-1+b) bx*XX3 (-4 xXXs+2bxXXz+bt (x+2XXs)) -
8a (-1+b) bx>XX3 (2 (-5+2b) xXXz+ (-1+4b) t (x+2XX3)) -
a* (4 x> XX3 (2 X XX3+ T (Xx+2XX3)) +b (-8x> XX3-20 t x* XX3 (x+2XX3) +
8t x? XX (x+2XXs) + 1% (5x%+6x* XXz +8 x XX+ 16 XX3) ) +
2b% 7 (24 t2 x® XX3 (X +2 XX3) -2 X XX3 (3 Xx? +4 X XX3 + 8 XX3) +
T (6 x> XX3+8XxXX3+16 XX3 +x* (5-32XX3))) +b*t
(16 x* XX3 (x +2 XX3) - 48 3 x* XX3 (X + 2 XX3) +4 t X XX3 (3 x* + 4 X XX3 + 8 XX3) +
3% (-6 X7 XX3 -8 xXX3-16XX3+x> (-5+16XX3)))) +
a® (16 x> XX3+4 b x XX3 (22 x* XX3+9 t x XX3 (X +2XX3) - t? (3 x® +4 x XX3+ 8 XX3) ) -
b3 (- 16 x3 XX3 - 48 t x* XX5 (X +2 XX3) + 8 t* x? XX3 (x +2 XX3) +
t? (5x%+6x% XX3 + 8 x XX + 16 XX3) ) +
b? (-88 x3 XX3 - 84 t x* XX3 (X +2 XX3) +4 t? x XX3 (3 x* + 4 x XX3 + 8 XX3) +
t? (6 x* XX3+ 8 X XX3+ 16 XX3+ x> (5+16XX3)))) +
a® (4x* XX (6 XXXz +t (x+2XXs)) -4b* (-6x>XX3 - 17 t x*> XX3 (X + 2 XX3) +
8t x? XX3 (x +2XXs) + 1% (5x%+6x* XXz + 8 x XX3 + 16 XX3) ) +
b3t (-24 x> XX5 (X +2 XX3) +48 3 x® XX3 (x +2XX3) - 4t x XX3
(3X%+4 X XX3+8XX3) +3 1% (6x* XXz +8xXX3+16XX3+ x> (5-16XX3))) +
b (48 x> XX3 - 48 t x* XX3 (X +2XX3) +4 t? x XX3 (3 X® + 4 x XX3 + 8 XX3) +

£ (6 X% XX3+ 8 x XX3+16 XX+ x> (5+16 XX3)))))

ou-j- O[t]*°
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= (* then the Q¢ part =x)
2,0/ X"5/Sqrt[an,];
(Series[%, {x, 0, -1}1) // Simplify // Normal;
V2,0 / X"5 % SQrt[Adg Alp] 3
(* the O[x,Infinity] term is to deal with some
versions of Mathematica including unwanted things x)
%- (Normal[ (Series[%, {x, Infinity, 0}] +0[x, Infinity]"1)]);
xnegRHS2 = (%%% + %) * Q2,0 // Simplify[#, Assumptions » t > 0&&x > 0] &
(* check it x)
Series[ (uz,0 + v2,0 SArt[al) /xA5/sqrt[ap], {t, 0, 9}];
ApplyToSeries[Select[Expand[#] + x 7w+ X" (2x), Exponent[#, x] < 0 &| &, %];
Series|[xnegRHS2 /Q,0 /. {XX1 » X1, XXz » Xz, XX3 = X3}, {t, 0, 9}];
Simplify[%, Assumptions » t > 0&&x > 0]
% - %%% // Simplify
1

outf+]= m (-1+a) a? (—l+b> (2+b) c Q2,0 t2?

4xXXz3-2axXX3-2bxXXz3-bt

X + XX3 (2—4\/<X—XX1) (X - XX5) XX3 )) N

at((fl+2b) X — 2 XX3 (1—2b+2\/(x—XX1) (X—XX2>XX3)))
ouir-j- O[t]*°

n-1= (* then the Q3 o part =)
Hs,o /XA5/Sqrt[an,];
Series[%, {x, 0, -1}] // Simplify // Normal;
v3,0/ X5 % SQrt[Afg AAy] 3
(* the O[x,Infinity] term is to deal with some
versions of Mathematica including unwanted things x)
%- (Normal[(Series[%, {x, Infinity, 8}] +0[x, Infinity]"1)]);
XnegRHS3 = (%%% + %) * Q3,0 // Simplify[#, Assumptions » t > 0&&x > 0] &
(* check it x)
Series[ (us,o+vs,0 Sqrt[al) /xA5/Sqrt[ap], {t, 0, 9}];
ApplyToSeries[Select[Expand[#] + X7+ X" (2 x), Exponent[#, x] < © &] &, %];
Series|[xnegRHS3 /Qs,0 /. {XX1 » X1, XXz » Xz, XX3 » X3}, {t, 0, 9}];
Simplify[%, Assumptions » t > 0&&x > 0]
% - %%% // Simplify
1

outej= - (-1+a)a*(-1+b)bcQs,et?
X2 XX3

+

4xXXz3-2axXX3-2bxXXs-bt

X + XX3 (2—4\/(X—XX1) (x - XX2) xx3)

at ((—1+2b) X - 2 XX3 (l—2b+2\/(x—XX1) (x = XX2) XX3 )))

our-l= 0[] 10
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mn-1= (* now the constant term and the Q[0,0] coefficient are not so nice,
since they contain non-algebraic terms x)
(* in particular v and vg,, cause trouble because they lead to
(series with 1/x coefficients)«(series with x coefficients) =)

(*» so the best we can do is give them a name or evaluate them manually =)

n-= (* the constant term x)
xnegRHS4s[N_] :=
ApplyToSeries[Factor[Select[Expand[#] + X7+ Xx" (2 7x), Exponent[#, x] <0 &]] &,
u/x"5/Sqrt[ap] +v /xN5%Sqrt[ae Ag] /. € > 6s[N]]

n-p= (* the Q[0,0] term =x)
xnegRHS5s[N_] :=
ApplyToSeries|[Factor[Select[Expand[#] + X" x+ X" (2 x) , Exponent[#, x] < 0 &]] &,
Ho,0/X"5/Sqrt[Ap] +ve,0 /X 5% Sqrt[Ag Ayl /. 60,0 > 6S0,0[N1] *Q[O, 0]

1= XnegRHS4s [1]
xnegRHS5s[1]
2 ((-1+a)?a(-1+b)bjt 2(-1+a)a(-1+b)b(a?-b+ab)t?
outfej= — . + Ny
2 ((-1+a)ab(-a?+a?b?+ax®-a2x3+bx3-2abx®+a?bx?)) t?

3

+0[t]*

X4

2 (-1+a)®(-2+b) (-1+b) cQ[o, 0]
Out[¢]= -
X

2 ((-1+a)? (-1+b) (-ab+ac-2a’c+3bc-3abc+a’bc-b2c+ab?c)Q[0,0])t

2

+

X
1
—2(-1+a) (-1+b) (-a’b+ab*-a’b*+2a’c-a’c-abc+
X
3a’bc-2a’bc-b’c+2ab’*c-2a’b’c+a’b’c)Q[O, 0] t*+
1

—42(—l+a) (-ab+a’b*+a*c+3a’bc-3a’bc-3a’b’c+2a’b’c+a’bx®-
X

adbxd+ab?x3-2a?b?x3+adb?x3+2acx®+atcxP+atcx®P-6bcx3+
S5abcx3-6a’bcx3®+adbecx®+8b%cx3-11ab?cx®+10a%2b?2cx3-
5a°b’cx’-3b*cx*+5ab’cx?’-4a’b’cx®+2a’b’cx®)Qlo, 0] t>+0[t]*

ne1= (* now setting up eqn (5.30) x)
P = (at?+x-ax-atx*+a’tx?) (b>t?+x-bx-btx?+b>tx?);

td=4act(l-a+atx) (1-b+btx)/(-1+xXX1) (-1+xXXz) XXs 3

Ti,0 =
Coefficient[(-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3) /x /. x » 1/ X,

Qi,0] // Factor;
T2,0 = Coefficient[(-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3) /x /.
X > 1/X, Q0] // Factor;
t3,0 = Coefficient[ (- xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3) /x /.
X->1/x, Q3’0] // Factor;
4,0 = Coefficient[ (-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3) /x /.
X > 1/x, Qa,e] // Factors
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mn-1= (* these are unwieldy and it will be more useful to have series expansions x)
(» first define these )
Clear[zs§, tS1,0, TS2,0, TS3,05 TS, TSe,05 XNEgOO]
(* then %)
tsg[n_] := tsg[n] = ApplyToSeries[Factor, Simplify|
t§ /. {XX1 > Xs1[n], XXz > Xs2[Nn], XX3 » Xs3[n]}, Assumptions » t > 0 &&x > 0] ]
TS1,0[N_] := tS1,0[N] = ApplyToSeries[Factor, Simplify[
Ti,0 /- {XX1 » Xs1[n], XX » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0&&x > 0]]
TSz,0[N_] := tS2,0[N] = ApplyToSeries[Factor, Simplify[
Ta,0 /« {XX1 > Xs1[n], XX; » Xs,[n], XX3 » Xs3[n]}, Assumptions -» t > 0 &&x > 0] ]
TS3,0[N_] := tS3,0[N] = ApplyToSeries[Factor, Simplify[
T3,0 /- {XX1 » Xs1[n], XX » Xs;[n], XX3 » Xs3[n]}, Assumptions » t > 0&&x > 0]]
(* 4,0 is a polynomial so we don't need to mess with it *)
(» these will also be useful x)
xneg@O[n_] := xnegdO[n] = ApplyToSeries[Factor, Simplify[Coefficient|
(-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3) /x /. x » 1/ X,
Q[0, 0]] /. {XX1 - Xsy[n], XXz » Xs;[n], XX3 » Xs3[n]}, Assumptions - t > 0] ]
(» then %)
ts[n_] :=ts[n] = ApplyToSer‘ies[Factor, S'impl'ify[
((xnegRHS4s[n] /x /. x> 1/X) /. {XXy » Xs1[n], XX > Xs,[n], XX3 > Xs3[n]} //
Simplificate), Assumptions » t > 0&&x > 0] ]
TSg,0[N_] = TSp,e[N] = ApplyToSer'ies[Factor, S-impl-ify[
((xnegRHS5s[n] /Q[0, 0] /X /. x » 1/ x) +xnegbO[n]) /. {XX; » Xs;[n],
XX - Xs;[n], XX3 » Xs3[n]} // Simplificate, Assumptions - t > 0&&x > 0] ]

n= (% check it =)
-tsg[91 P§ QI[x] + tS1,0[9] Q1,0 + ©S2,0[9] Q2,0 + TS3,0[9] Q3,0 + T4,0 Q1,0 + TS[9] +
TSe,0[9] Q[0, O] /. {QS[X] - QQdk[9, 0], Q1,0 » QQcxy[9, 1, O], Q2,6 » QQcxy[9, 2, 0],
Q3,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0], Q[0, 0] » QQcxy[9, O, 0]};
% // Simplificate;
ApplyToSeries[Factor, %]

our-- O[t]*®
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m-1= (% the roots of Py o *)

l-a+V1-2a+a2+4a3t3-4a%t3

X1 =

-e

2 a2 t?
l-a-V1-2a+a2+4a3t3-4a%t3
X2 = - >
2 a2 t?
-1+b-vV1-2b+b2+4b3t3-4b%1t3
X3 = 5
2 b? t2
-1+b+V1-2b+b2+4b3t3-4b*t3
Xgq = ;
2 b2 t2
~2+a+b-+/(2-a-b)>-8abt? (-at-bt+2abt)
X5 = 5
4ab t?
~2+a+b+r/(2-a-b)>-8abt? (-at-bt+2abt)
Xg = 5

4abt?
(*» so that x)
{PX’@ /. X = Xj, PX,@ /. X = Xz, PX,O /. X = X3,

Px,o /+ X > X4y Px,g /e X X5, Px,0 /. X>Xg} // Simplify

ouf-)- {0, 0, 0, 0, 0, O}



n-1= (* and then verifying which are power series x)
Series[{x1, X2}, {t, 0, 4}];
Simplify[%, Assumptions » a > 1]
Simplify[%%, Assumptions - 0 < a < 1]
Series[{Xxz, X4}, {t, 0, 4}];
Simplify[%, Assumptions - b > 1]
Simplify[%%, Assumptions - 0 < b < 1]
Series[{Xs, Xe}, {t, 0, 4}1;
Simplify[%, Assumptions - a+b > 2]
Simplify[%%, Assumptions » @ <a+b < 2]

at t# s -l+a a% t4 5
outf+]= {at+ +0[t]>, —at+ +0[t] }
-l+a a? t? l1-a

~-1+a a4t4 5 a4t4 s
oufe)= { —at- +0[t]%, at+ +0[t]°%}
a? t? -1l+a “1+a

b* t4 s -1+b b4 t4 s
Outf+]= {bt+ +0[t]>, _bt+ +0[t] }
-1+b b2 t2 1-b
-1+b b4 t4 5 b4 14 .
ouej- { -bt- +0[t]°, bt~ +0[t]%}
b2 t2 -1+b ~1+b

(a+b—2ab)t 2ab(a+b72ab)2‘c4
+ +0[t]°,
2-a-b (—2+a+b)3

—

Out[¢]=

-2+a+b (a+b-2ab)t 2(ab a+b—2am2)ﬂ
+
2abt? -2+a+b

+0[t]°
72+a+b)3 }

+0[t]>,

+ —

2abt? -2+a+b

Outf#]=

——

) (
(
“2:1a+b (a+b-2ab)t 2(ab(a+b-2ab)?| ¢!
(-2+a+b)?
(a+b-2ab)t 2ab(a+b-2ab)?t*

- + +0[t]°}
-2+a+b (—2+a+b)3

= (* the roots of PY x)

-l+a-V1-2a+a2+4a3t3-4a%t3

X7 = ;
2ta(a-1)
-l+a+V1-2a+a2+4a3t3-4a*t3
X8= .
2ta (a-1) ’
~1+b-vV1-2b+b2+4b3t3-4b%1t3
X9= .
2tb (b-1) ’
-1+b+V1-2b+b2+4b3t3-4b*t3
Xi10 = ;
2tb(b-q

(» so that x)

{P§ /. x> x7,P§ /. Xx>Xg, P§/.X>Xey P§ /0 X>X10} // Simplify

our-- {0, 0, 0, 0}
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n-1= (* and then verifying which are power series x)
Series[{x7, Xg}, {t, 0, 5}];
Simplify[%, Assumptions » a > 1]
Simplify[%%, Assumptions - 0 < a < 1]
Series[{Xo, X10}, {t, @, 5}1;
Simplify[%, Assumptions - b > 1]
Simplify[%%, Assumptions - 0 < b < 1]

a? t? a® t? s 1 a?t? a® t° 5
oufe)= { + +0[t]®, — + - +0[t]°}
-l+a (-1l+a)? at l1l-a (-1+a)?

1 a’t? a® t° ¢ a‘t? a® t° 6
oue) {— - - +0[t]8, + +0[t]%}
at -l1+a (-1+a)? -l+a (-1l+a)?

b? t2 b> t° s 1 b2t? b> t° 6
Outf+]= { + +0[t]1°, — + - +0[t] }

-1+b (_l+b>2 bt 1-b <_1+b)2

1 b2 t2 b> t> ¢ brt? b> t> 6
ourej= { +0[t]°, +0[t]°}

bt_—1+b_(_1+b)2 —1+b+(_1+b)2
m= (% these will be useful =)
Clear[XS;, XSy, XS3, XSz, XS5, XSgy XS7, XSgy XSg, XSi0]
Xs;[n_] ¢=Xxs;[n] =
ApplyToSeries[Factor [Simplify[#, Assumptions -» a > 1]] &, Series[x;, {t, 0, n}]]
Xsy[n_] = xs,[n] = ApplyToSeries]
Factor[Simplify[#, Assumptions - ®@<a<1]] &, Series[x;, {t, O, n}]]
xs3[n_] := xs3[n] = ApplyToSeries[Factor [Simplify[#, Assumptions »b > 1]] &,
Series[xz, {t, 0, n}]]
XSa[n_] = xs4[n] = ApplyToSeries[Factor [Simplify[#, Assumptions -0 <b <1]] &,
Series[x4, {t, 0, n}1]
Xss[Nn_] := xss[n] = ApplyToSeries[Factor [Simplify[#, Assumptions > a+b > 2]] &,
Series[xs, {t, 0, n}]]
xsg[n_] := xsg[n] = ApplyToSeries[Factor [Simplify[#, Assumptions >0 <a+b<2]] &,
Series[xg, {t, 0, n}]1]
xs7[n_] :=xs7[n] = ApplyToSeries[Factor[Simplify[#, Assumptions -» a > 1]] &,
Series[x7, {t, 0, n}]]
xsg[n_] := xsg[n] = ApplyToSeries[Factor [Simplify[#, Assumptions - 0 <a<1]] &,
Series[xg, {t, 0, n}]]
XSg[Nn_] := XSg[n] = ApplyToSeries[Factor [Simplify[#, Assumptions - b > 1]] &,
Series[xg, {t, 0, n}1]
XS19[N_] := Xs19[Nn] = ApplyToSeries[Factor [Simplify[#, Assumptions - 0 <b < 1]] &,
Series[Xip, {t, 0, N}]]
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m-1= (* now verifying what happens when we cancel the kernel x)
{os[9], 0S0,0[9], 0S1,0[9], 0S2,0[9], 0S3,0[9], 04,0} -
{1, Q[0, 0], Q1,05 Q2,05 Q3,05 Qs,0};
% /. {Q[0, 0] » QQcxy[9, 0, O], Q1,6 » QQcxy[9, 1, 0],
Q2,0 » QQcxy[9, 2, 0], Q3,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0]};
% // Simplificate;
{% /. Xx>Xx51[9],% /. X>XS3[9],% /. X>XS5[9]};
Simplificate/e%
{ts[9], tSe,0[9]1, TS1,0[9], TS2,0[9], TS3,0[9], T4,0}-
{1, Q[0, 0], Q1,05 Q2,05 Q3,05 Q4,0}5
% /. {Q[0, 0] » QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, O],
Q2,0 » QQcxy[9, 2, 0], Q3,0 » QQcxy[9, 3, O], Q4,0 » QQcxy[9, 4, 0]};
% // Simplificate;
{% /. X>XS7[9], % /. X>XS9[9]};
Simplificate/e%

our - {O[€]%, 0[€]*%, O[]}

our-- {0[t]1%®, O[t]%0}

n-= (*+ now we have 5 equations with 5 unknowns =x)
(* but does this lead to a solution? x)
(» form the 5x5 matrix of coefficients and find the determinant x)
xposcoeffs[n_] := {0Se,e[N]; 0S1,6[N]; 0S2,6[N], 0S3,6[N], 04,0} }
xnegcoeffs[n_] := {tSe,0[N], TS1,0[N], TS2,0[N]; TS3,0[N]; Ta,0};
{xposcoeffs[12] /. x » xs;[12],
xposcoeffs[12] /. x - xs3[12], xposcoeffs[12] /. x » xs5[12],
xnegcoeffs[12] /. x » xs7[12], xnegcoeffs[12] /. x » XSg[12]}}
Simplificate /e# & /@%;
Det[%]

our-]= 0[] 40

m-p= (% it appears not =)

1= (* we can introduce a sixth equation
by taking the [x"0] part of eqn (5.20) x)
Hx,0 /X4 /Sqre[any];
XOLHS1 =
SeriesCoefficient[%, {x, 0, -4}] * Q4,0 + SeriesCoefficient[%, {x, 0, -3}] *Q3,0 +
SeriesCoefficient[%, {x, 0, -2}] *Q,,0 + SeriesCoefficient[%, {x, 0, -1}] Q1,0 +
SeriesCoefficient([%, {x, 0, 0}] *xQ[0, 0] // Simplify
1
64 XX%
c (a® (8 XXs (16 Q3,0 t® XX3 +8Qy,0 t? XX3 (t+4 XX3) +2 Q1,0 t XX3 (3 t? + 8 t XX3 - 32 XX3) +
5t3Q[0, 0] +12t2XX3Q[0, 0] -32tXX3Q[0, 0] -16XX3Q[0, O] +
16 t3 XX3Q[0, 0] ) +4 b” t (64 Q3,0 t° XX3 + 96 Q3,0 t* XX§ +
128 Q4,0 t3 XX3 + 16 Q2,0 t XX3 (32 + 3 t XX3 - 18 XX3 + 8 3 XX3) +
4 Q1,0 XX3 (92 XX3-36 tXX5+16 t* XX5-32XX3 +2t> (5+8XX3)) +
35t3Q[0, 0] +30t2XX3Q[0, 0] - 108 t XX3Q[0, O] + 48 t* XX2Q[0, 0] -

Out[¢]= —
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64 XX3Q[0, 0] +32t> XX3Q[0, 0] - 448 t* XX3Q[0, 0] ) -b (64 Q3,0 t* XX3 +
768 Q3,0 > XX3 + 128 Q4,0 t* XX§ + 16 Q2,0 t? XX3 (3 t7 + 24 t XX3 - 32 XX3) +
8 Q1,0 t XX3 (36 t> XX3 - 32 t XX3 - 128 XX3 + t® (5+64 XX3)) +35t*Q[0, 0] +
240 t3 XX3Q[0, 0] - 192 t2 XX3Q[0, 0] -512 t XX3Q[0, 0] +
256 t* XX3Q[0, 0] - 128 XX3Q[0, 0] - 768 t> XX3Q[0, 0]) +
b3 t? (-192 Q3,0 t? XX3 + 256 Q3,0 t XX3 - 384 Q4,0 t* XX3 -
16 Q2,0 XX3 (9 t2 -8t XX3-24 XX3+48t3 xxg) +
24Q1,0 XX3 (4 t XX3+ 8 XX3-16 t3 XX+ t* (-5+32XX3)) -
105 t2Q[0, 0] + 80 t XX3Q[0, 0] + 144 XX2Q[0, 0] -288 t3XX2Q[0, 0] +
384 t2 XX3Q[0, 0] + 768 t XX3Q[0, 0] - 384 t* XX3Q[0, 0])) +
a* t (-8 XX3 (8Qz,0 t* XX3+ 16 Q3,0 t> XX3 +2Qy,0 (3 % XX3 - 8 XX3 + 8 t3 XX3) +
5t°Q[0, 0] -8 XX3Q[0, 0] +8t>XX53Q[0, 0]) +
b (64 Qs,e t® XX3 + 384 Q3,0 t? XX3 + 128 Q4,0 3 XX3 +
16 Q2,0 t XX3 (32 + 12 t XX3 - 24 XX3 + 8 3 XX3) +
8 Q1,0 XX3 (18 t? XX3 - 24 t XX3 + 8 t* XX5 - 16 XX3 + t* (5+ 80 XX3) ) +
35t3Q[0, 0] + 120 t2 XX3Q[0, 0] - 144 t XX3Q[0, 0] + 48 t* XX2Q[0, 0] -
64 XX3Q[0, 0] + 320 t> XX3Q[0, 0] - 640 t* XX3Q[6, 0]) +2b* t?
(64 Qs,0 T XX3 - 128 Q3,0 XX3 + 128 Qa,0 T XX3 + 16 Q3,0 XX3 (3 T - 4 XX3 + 24 t> XX3) +
8 Q1,0 XX3 (-6 XX3+24 t> XX3+t (5-48XX3)) +35tQ[0, 0] -
40 XX3Q[0, 0] + 144 t> XX3Q[0, 0] - 192 t XX3 Q[06, 0] + 384 t3 XX3Q[0, 0]) -
3b%t (64Qs,0 t? XX3 + 128 Qa,0 t? XX3 +8Qu e (5% XX3 -8 XX3 + 16 t° XX3) +
16 Q2,0 (3 t? XX -8 XX3 + 16 t3 XX3) +35t2Q[0, 0] - 48 XX3Q[0, 0] +
96 t° XX3Q[0, 0] - 256 t XX3Q[0, 0] + 128 t* XX3Q[0, 0] )) +
a’ (-8bXX3 (-8Qa,0t? (3T -4XXs) XXj-480Qs,0 t? XX3 +2 Q1,0 t XX3
(-9t?+8t XXz + 112 XX3) -15t>Q[0, 0] + 12 t* XX3Q[6, 0] +
112 t XX3Q[0, 0] + 80 XX3Q[0, 0] + 48 t> XX3Q[0, 0] ) +
b t (64 Q3,0 t® XX3 + 128 Q4,0 t? XX3 + 16 Q2,0 (3 t3 XX3 - 48 t XX3 + 8 t* XX3) +
8Qi,0 (-48 tXX3 + 8t XX3 - 16 XX + t° (5 XX3 - 16 XX3) ) +
35t3Q[0, 0] - 288t XX2Q[0, 0] +48 t* XX3Q[0, 0] -64 XX3Q[0O, 0] -
64 t3 XX3Q[0, 0] - 1408 t> XX3Q[0, 0] ) - b* (64 Q3,0 t* XX3 +
384 Q3,0 t® XX3 + 128 Q4,0 t* XX3 + 16 Q0 t? XX3 (3 % + 12 t XX3 - 80 XX3) +
8Q1,0 t XX3 (18 t? XX3-80 t XX3 - 176 XX3 + t* (5+ 16 XX3) ) +
35t%Q[0, 0] + 120 t3 XX3Q[0, 0] - 480 t2 XX3Q[0, 0] - 704 t XX3Q[0, 0] +
64 t* XX3Q[0, 0] - 128 XX3Q[0, 0] - 1536 t> XX3Q[0, 0] ) + 32 XX3
(-4Qi,0t (t-4XX3) XX3-8Qz,0 t* XX3+ (-3 1%+ 8t XX3+ 16 XX3) Q[0, 0])) -
16 XX3 (-16 XX3Q[0, 0] + 12 b XX3 (2Q1,0 t XXz + (t+2XXs) Q[0, O] ) -
b? (8 Qz,0 t? XX3+4 Q1,0 t XX3 (t+8XXs) + (37 +16 t XX3+8XX3) Q[0, 0]) +
b3t (8 Qa0 t XX3+4 Q1,0 XXs (t+2XX3) + (3t+4XXs+8t?XX3) Q[0, 0])) +
16 a XX3 (-4 XX3 (2Qq,0 t XXz + (t+10 XX3) Q[0, 0] ) +
b (8Qz,0 t? XX3+4 Q10 t XXs (t+20XXs) + (3% +40 t XX3+56 XX3) Q[0, 0]) +
4b%t (8Qy,0 tXX5+4Q1,0 XXz (t+XX3) + (3t+2XXs+12t*>XX3) Q[6, 0]) -
b? (40 Qz,0 t? XX3 +4 Q1,0 t XX3 (5T +22XX3) +
(15t + 44 t XX3 + 16 XX3 + 24 t3 XX3) Q[0, 0])))
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= vy /XA 4 % SQrt[Adg Adp]

Out[#]=

SeriesCoefficient[%, {x, Infinity, -2}]1 xQy>+
SeriesCoefficient[%, {x, Infinity, -1}] #Qq,; +
SeriesCoefficient([%, {x, Infinity, 0}] *xQ[0, O] //

Simplify[#, Assumptions » t > 0] &;

% /. Solve[Q2leqn == 0, Q;,,][[1]] /. Solve[Ql@eqn == 0, Q;,;1[[1]1] /.
Solve[Q20eqn == 0, Q;,;]1 [[1]] /. Solve[Q30eqn == 0, Q3,;1[[1]]}

XOLHS2 =% // Simplify

Lact XX3 (—8 (-1+a)a(-1+b)b*t* (-Qe+t ((1+a)Qs0+a (Q,o-Qe)t))-
2

L (Q1,0-20Qz,0 t) (2 (-1+a)a? (-1+b)?+2 (-1+a)? (-1+b) b2+
a
2a’b? (-b+a (-1+2b)) t¥+ (-1+a)a? (-1+b) b2t (xxl+xx2))+
(8(1—2b+b2+b3t3—2a (1-2b+b?+b>t?) +a>t? (1-2b-b?+b> (2+¢%)) +
a2 (1-2b-b3t>+b? (1+2t%))) - (-1+a) a® (-1+b) b?t* (XX - XX3)? -
4 12 (7(7l+a) a? (71+b)2+b2 (-(-1+a)? (-1+b) -a® (-b+a (-1+2b)) t3))
(xx1+xx2)) Q[e, 01]

n - SeriesCoefficient[us,e /x"4/Sqrt[aay], {x, 0, 0}] +

Out[#]=

SeriesCoefficient[vy,o/Xx"4 % Sqrt[ang a1, {x, Infinity, 0}];

XORHS1 = Simplify[%, Assumptions -» t > 0] *Qy,0

cQiot (8 (—l+b) bXX% (4XX3—2bXX3+bt <—l+4XX§/2>) _
8 XX3

8a (-1+b) bXX3 (t+2(5-2b) XXs+4tXX3>+bt (-4+8XX3?)) +
at (4XX3 (t+2XX3+4tXX3?) +2b3t? (-6 XX3+24 > XX5 +t (5-32XX3)) +
b (-8 XX3-4tXX3 (5+4XX3?) +8t* (XX +4XX5?) +
t? (5+ 16 XX3 XX/ + 16 XXz XX3/2) ) - b® t (-12 t XX3 - 16 XX3 +
16 t3 XX3 (3+4 XX3/2) +t2 (15-48XX3 + 16 (XXy + XXa) XX3/2))) +
a® (16 XX3-4bXXs (-3t2+22XX3+3tXXs (3+4XX37?)) -
b (16 XX3 + 8 t* XX5 (-1 +4 XX3'?) + t (48 XX3 - 32 XX3/?) +
t3 (=5 + 16 XXy XX3/% + 16 XX XX3/?) ) +b? (12 t2 XX3 + 88 XX3 +
4T XX3 (21+4XX3?) + 3 (-5-16 XX3 + 16 (XXy + XXa) XX3'?))) +
a’ (-4 XX (t+6XXz+4tXX3?) +4b® (57 +8t*XX3-6XX3-tXX3 (17 +4XX3'?)) -

b (12 t% XX3 - 48 XX3 - 16 t XX3 (3 + 2 XX3/?) + t3 (5+ 16 XX3 + 16 (XXy + XXz ) XX3'?) ) +
b3t (12 t XX3 + 24 XX3 + 16 3 XX3 (-3 + 4 XX3/?) +

t? (-15+ 48 XX3 + 16 (XXy + XXz) XX3?)) ) )

Infe]i= Ser*iesCoeff-ic*ient[uz,e/x'\4/5qrt[AAp] » {X, 0, 0}] +

SeriesCoefficient[vy,0/X"4 % Sqrt[ang Aa,], {x, Infinity, 0}];

XORHS2 = Simplify[%, Assumptions » t > 0] ¥ Qa0

Out[#]=

2 XX3

(-1+a)a® (-1+b) (2+b) cQpot?

(4XXs+b (-t-2XXs+4tXX3?) —a (t-2bt+2XXs+4tXX3?))
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Infe]:=

Outf#]=

Infe]:=

In[]:=

Inf[e]:=

SeriesCoefficient[us,o /x"4/Sqrt[any], {x, 0, 0}] +
SeriesCoeff'icient[v3,e/x"4* Sqrt[Ang Adn], {X, Infinity, 0}];
XORHS3 = Simplify[%, Assumptions » t > 0] * Q3,0
7i(71+a) a’ (-1+b) bcQset?
XX3
(4XX3+b (-t-2XXs+4tXX3?) —a (t-2bt+2XXs+4tXX3?))

XORHS4s[N_] := App'l.yToSer'ies[Factor[Coeff-ic-ient[Expand[n] , X, 011 &,
u/x"a/sqre[ap] +v /x"4xSqrt[ae Ag]l /. € > 6s[N]]

XORHS5s[N_] := ApplyToSer‘ies[Factor[Coeff‘iC'ient[Expand[n] s X, 01] &,
Mo,0/X"4/Sqrt[Ap] +vo,0/ X "4 %Sqrt[Ae An] /. 66,0 - 6Se,0[N]] *Q[0, O]

Clear [£0s1,0, £0S3,0, £0S3,0, £0S4,0, X000, £0s, £0Sq,0]
£01,0 =
Coefficient[-xOLHS1 - xOLHS2 + xORHS1 + xORHS2 + xORHS3, Q;,0] // Simplify // Factor
£0,,0 = Coefficient[-xOLHSL - XOLHS2 + XORHS1 + XORHS2 + XORHS3, Q,,0] // Simplify //
Factor
£03,0 = Coefficient[-xOLHS1 - xOLHS2 + xORHS1 + xORHS2 + xORHS3, Q3,0] // Simplify //
Factor
€04,0 = Coefficient[-xOLHSL - xOLHS2 + XORHS1 + XORHS2 + XORHS3, Q4,0] // Simplify //
Factor
£0s3,0[Nn_] := 8Os, 0[Nn] = ApplyToSeries[Factor,
Simplify[£01,0 /. {XX1 > Xs1[n], XXz » Xs;[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
£0s; o[N_] := £Os,,¢[Nn] = ApplyToSeries[Factor,
Simplify[£0,,0 /. {XX1 » Xs1[n], XX; » Xs,[Nn], XX3 » Xs3[n]}, Assumptions » t > 0]]
80s3,9[Nn_] := £Os3,¢[N] = ApplyToSeries[Factor,
Simplify[£03,0 /. {XX1 > Xs1[n], XXz » Xs;[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
£0s4,0[N_] := £Os4,0[N] = ApplyToSeries[Factor,
Simplify[£04,0 /. {XX1 » Xs1[Nn], XX; » Xsa[Nn], XX3 » Xs3[n]}, Assumptions » t > 0]]
X000[n_] := x000[n] = ApplyToSeries[Factor,
Simplify[Coefficient[-xXxOLHS1 - xOLHS2 + xORHS1 + XORHS2 + XORHS3, Q[0, 0] /.
{XX; > Xs1[Nn], XX; » Xs,[n], XX3 » Xs3[n]}, Assumptions » t > 0]]
€os[n_] := £0s[n] = ApplyToSeries[Factor, Simplify|
(xoRHS4s[n] /.« {XX1 > Xs1[n], XX » Xs,[n], XX3 » Xs3[n]} // S'impl'if'icate) ,
Assumptions » t > 0] ]
£0sg,o[N_] := £O0Sp,0[N] = ApplyToSer‘ies[Factor, S'impl'ify[
(x@RHS5s[n] /Q[0, 0] +x000[n]) /. {XX1 » Xs1[n], XXz » Xs;[n], XX3 » Xs3[n]} //

Simplificate, Assumptions - t > 0]]
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outf+J= ct(3a3t273a4t2+3a2bt2712a3bt2+9a4bt273a2b2t2+9a3b2t276a4b2t27

4 XX2
8aZtXXs+1l0adtXXz-2a*tXXz+10a2btXXs5-8a3btXXs-2a*btXX3-
2a2b? t XXz -2 a3 b? t XXs +4 a* b? t XXz - 8 a XX3 + 24 a2 XX3 - 20 a3 XX3 +
4a*XX3-8bXX3+40abXX2-68a%bXX3+40abXX3-4a*bXX3+8b%XX2-
32ab?XX2+44a2b2XX3-20a%b2xx2-8a*t3XxX2-24a%bt3XX3+40a*bt3XX2+
16a°b2t3XX3-24a* b2 t3XXZ-8a? b3 t3XX3+24 a3 b3 t3 XX3-16a% b3 t3 XX3 -
16 a2 t XX3/2+24 a3t XX3/2-8a*tXX3’?-16abt XX3’'2+56a%2b t XX3/2 -
48a%btXX3?2+8a*btXX3/2+16ab? t XX3/2-40a%b? t XX3/2+24 a3 b2 t XX3/? -
16 a* b t* XX3/% + 16 a* b? t* XX3/% - 16 a® b3 t* XX3/? + 16 a* b3 t* XX3/? +
8adb t3 XXy XX3/2-8a%*b t3 XXy XX3/? - 8 a® b2 t3 XXy XX3/? + 8 a* b2 t3 XXy XX3/2 +
8 a® b t? XXz XX3/2 -8 a% b t3 XX XX3/2 - 8 @® b? t3 XX, XX3/% + 8 a* b? t3 XX, XX3/?)

1
out[+]= — c t?

4 XX32
(3a’bt?-3a*bt’+3a’b?t?-12ab’t?+9a* b’ t?-3a’b®t?+9a’ b’ t?-6a* b’ t* -

8albtXXs+10adbtXXs-2a*btXXs+10a2b?tXX3-8a3b?2tXXs-2a*b?tXX;-
2a2b3tXXz-2a°b3tXXz+4a*b3tXXz+8a3XX2-8a*XX2-8abXx3+
32a2bXX3-52ab XX2+28a*bXX3-8b%XX2+40 ab?XX3-76a%b2Xx3+
64 a3 b? XX3 - 20 a* b? XX3 + 8 b3 XX3 - 32 a b3 XX3 + 44 a% b3 XX3 - 20 a3 b3 XX3 -
8a*bt3xXX3-32ab2t3XX2+48a* b2 t3XX2-8a2b3t3xX2+48a%b3t3xX3-
48 a* b3 t3XX3-16a?btXX3'2+40a2btXX3/2-24a*btXX3'2-16ab?t XX3/2 +
56 a2b2 tXX3/2-64a3b2tXX32+24a* b2 t XX3/2+16ab3 t XX3/2-40a2 b3t XX3/%2+
24 a3 b3t XX3/2-16a* b2 t* XX3/2-16a° b3 t* XX3/2 + 32 2a* b3 t* XX3/% +
8 a® b2 t3 XX; XX3/2 - 8 a* b? t3 XX; XX3/2 -8 a® b3 t3 XX; XX3/2 + 8 a* b3 t3 XXy XX3/% +
8 a% b? t3 XXy XX3/2 - 8 a* b? t3 XX, XX3/% - 8 a® b® t3 XX, XX3/? + 8 a* b £3 XX, XX3/?)

our)- 2 (-1+a) a® (-1+b) (1+b) ct?

a+b-2ab+2abt XX3)
oui- -2 (-1+a) a? (71+b) bct* (a+b72ab+2abt XX3)

m= (% check it =)
£0s1,0[9] Qu,0 + £0S2,0[9] Q2,0 + £0S3,0[9] Q3,0 + £OS4,0[9] Q4,0 + £OS[9] +
£0s0,0[91 Q[0, 0] /. {Q1,0 » QQcxy[9, 1, 0], Q2,0 » QQcxY[9, 2, 0],
Qs,0 » QQcxy[9, 3, 0], Q4,0 » QQcxy[9, 4, 0], Q[0, 6] » QQcxy[9, 0, O] };
% // Simplificate;
ApplyToSeries[Factor, %]

our-1= 0t] 11
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n-1= (* now combine this with the other
equations to see if anything new is achieved x)

Clear [x0coeffs]
x0coeffs[n_] := x0coeffs[n] = {£0sp,9[N], £OS1,0[N], £OS2,0[N], £OS3,0[N], £OS4,0[N]}

{xposcoeffs[12] /. x » xs;[12], xposcoeffs[12] /. x » xs3[12],
xposcoeffs[12] /. x » xs5[12], xnegcoeffs[12] /. x » xs7[12],
xnegcoeffs[12] /. x - xsg[12], xOcoeffs[12]};

Simplificate/es &/@%;

(» there are 6 possible combinations x)

{Det[Drop[%, {1}]], Det[Drop[%, {2}]], Det[Drop[%, {3}1],

Det[Drop[%, {4}]], Det[Drop[%, {5}]], Det[Drop[%, {6}]11}

our= {0113, 0[t]%, 0[t])%°, 0[t]°°, 0[t]>°, O[t]*°}
Section 5.4

m-= (* at this point we can "cheat" and use the fact that we already
know the solution to Q[0,0] (and know that it is algebraic)
because it's the same for Kreweras and reverse Kreweras x)
(*» so in fact we don't have 5 unknowns, we only have 4 x)
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n= (* from our 6 equations we then have 15 possible combinations x)
(* note that all these matrices contain only algebraic terms x)
Clear[all6eqns]
alléegns([n_] :=

alleeqgns[n] =Simplificate/@tt&/@(Drop[n,{1}] & /@ {xposcoeffs[n] /. x » xs;[n],
xposcoeffs[n] /. x » xs3[n], xposcoeffs[n] /. X » xs5[n],
xnegcoeffs[n] /. x - xs7[n], xnegcoeffs[n] /. X » xsg[N], choeffs[n]});

ApplyToSeries[Factor, Det[{all6eqns[4][[1]], all6eqns[4][[2]],
alleeqns[4][[3]], alleeqns[4][[4]]1}]1]

ApplyToSeries[Factor, Det[{all6eqns[10][[1]], all6eqns[10][[2]],
alleeqns[10][[3]], all6eqns[10][[5]1}]]

ApplyToSeries[Factor, Det[{all6eqns[11][[1]], all6eqns[11][[2]],
alléeqns[11][[3]], all6éegns[11][[6]]1}1]

ApplyToSeries[Factor, Det[{all6eqns[4][[1]], all6eqns[4][[2]],
alleeqns[4][[4]], all6eeqns[4]1[[5]11}1]11

ApplyToSeries[Factor, Det[{all6eqns[4][[1]], all6eqns[4][[2]],
alleeqns[4][[4]], alléeqns[4][[6]1]}]]

ApplyToSeries[Factor, Det[{all6eqns[9][[1]], all6eqns[9][[2]],
alleeqns[9][[5]1], alleeqns[9]1[[6]11}]11]

ApplyToSeries[Factor, Det[{all6eqns[4][[1]], all6eqns[4]1[[3]],
alleeqns[4][[4]], all6eqns[4][[5]1]1}]]

ApplyToSeries[Factor, Det[{all6eqns[13][[1]], all6eqns[13][[3]],
alleeqns[13][[4]], all6eqns[13][[6]1]1}]]

ApplyToSeries[Factor, Det[{all6eqns[13][[1]], alleeqns[13]1[[3]],
alleeqns[13][[5]], all6eqns[13][[6]]1}]]

ApplyToSeries[Factor, Det[{all6eqns[4][[1]], all6eqns[4][[4]],
alléeqns[4][[5]1], all6éeqns[4]1[[6]]1}]1]

ApplyToSeries[Factor, Det[{all6eqns[9][[2]], all6eqns[9]1[[3]],
alleeqns[9][[4]], alléeqns[9][[5]1]1}]]

ApplyToSeries[Factor, Det[{all6eqns[13][[2]], all6eqns[13][[3]],
alleeqns[13][[4]], all6eqns[13][[6]]1}]]

ApplyToSeries[Factor, Det[{all6eqns[13][[2]], all6eqns[13][[3]],
alleeqns[13][[5]], alleeqns[13][[6]]1}]]

ApplyToSeries[Factor, Det[{all6eqns[9][[2]], all6eqns[9][[4]],
alleeqns[9][[5]], alleeqns[9][[6]]1}1]1]

ApplyToSeries[Factor, Det[{all6eqns[13][[3]], all6eqns[13][[4]],

alleeqns[13][[5]], alleeqns[13][[6]]1}]]
16 (-1+a)3al? (a-b)® (-1+b)°b% (-2a+a2+b) (-a-b+ab) (-a-b+2ab)°c*t2®

Out[#]= +

(—2+a+b>4

o[t}zs

512 ((-1+a)5 al® (a—b)3 (71+b)4b8 (-a-b+ab) (—a—b+2ab)5c4) 132
outfej= - +0[t]3*
(—2+a+b)4
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o
(—2+a+b)4
128 ((—l+a)4a8 (a-b)? (-1+b)*b® (-a-b+2ab)® (56a%>-84a°+28a*+112ab-

Out[¢]= —

392a’b+395a®b-111a*b+56b%-308ab?+563a%b?-397a3b%+
82 a*b?-56b>+ 196 ab®-223a*b*>+82a’b*+a*b?) c4) t31.0[t]32

ourr =16 ((-1+a)?a' (a-b)* (-1+b)?b® (-a-b+ab) (-a-b+2ab)
(-a®+2a*+2ab-a’b-3a*b-b*>+ab’-a’b’+2a®b?) c4) t26 . 0[t]2%8
our- 16 (-1+a)*a'? (a-b)® (-1+b)°b® (-2a+a?+b) (-a-b+ab)’c*t?2+0[t]*
outf-J= -512((—1+a)5a1O (a-b)® (-1+b)* b (—a—b+ab)2c4) t28 1 0[t]2°
16 ((-1+a)®a® (a-b)® (-1+b)?b® (-2a+a2+b) (-a-b+ab) (-a-b+2ab)®ct| 2

Out[¢]= — +

(—2+a+b>4

o[t]?®
our-- 0[t]33
our-- 0[t]33
our-- 16 (-1+a)3 al? (a—b)3 (—l+b>2b6 (-2a+a”*+b) (—a—b+ab)2c4t22+0[t]24

512 ((—1+a)2all (a-b)®(-1+b)*b® (-a-b+ab) (—a—b+2ab)5c4) 32

Outf«]= +O[t}33

(-2+a+b)*
ou-- 0[t]33
ou-- 0[t]33
our- 512 (-1+a)?a* (a-b)? (-1+b)*b® (-a-b+ab)®c* t?*+0[t]*°
our-)- 0[t]%

m-1= (* ok, so it looks like at least 10 of the sets will work =x)

(» generating the solutions x)

Clear [xposknown, xnegknown, x0known, all6knowns]

xposknown[n_] := xposknown[n] = Simplificate[os[n] + 0se,e[N] * QQcxy[n, 0, O]]

xnegknown[n_] := xnegknown[n] = Simplificate[ts[n] + tSe,e[N] * QQcxy[n, 0, 0]]

x0known[n_] := x0known[n] = Simplificate[£0s[n] + £0sq,o[N] * QQcxy[n, 0, O]]

alleknowns[n_] := all6knowns[n] =

Simplificate /@ {xposknown[n] /. X -» xs;[n], xposknown[n] /. X -» xs3[n],

xposknown[n] /. x » xss[n], xnegknown[n] /. X » xs7[n],
xnegknown[n] /. X » XSg[n], x0known[n]}

m-1= (* Mathematica seems to struggle
with expanding some of the matrix inverses x)
(* so we will just demonstrate that the first set gives the correct result x)
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m-= Inverse[{alléeqns[13][[1]], all6eqns[13][[2]], all6eqns[13][[3]],
alleeqns[13]1[[4]1]1}].-{all6knowns[13][[1]], all6knowns[13][[2]],
alleknowns[13]1[[3]], all6knowns[13][[4]]} // Simplify;
Simplificate /@%;
ApplyToSeries[Expand, #] & /@ (96 // S'imp'L'ify)
% - {QQcxy[12, 1, 0], QQcxy[12, 2, @], QQcxy[12, 3, O], QQcxy[12, 4, O]}
oup- {at>+ (2a+2a’+a*+ab+a’c+abc) t7+
(16a+16a*+11a*+6a*+2a>+8ab+4a’b+a*b+3ab’+ab’+4a’c+4a’c+2a’c+
4abc+5a’bc+a*bc+3ab’cr+ab’c+a’c’+2a’bc?+ab’c?) t®+0[t]?,
(a+a?) t*+ (8a+8a’+5a*+2a*+2ab+a’b+a’c+a’c+abc+a’bc) t’'+0[t]?,

(2a+2a%+a%) t°+0[t]", O[t]°}

our= {0[t]°, 0[t]®, O[t]", O[t]®}



