Quarter-plane lattice paths with interacting boundaries: the

Kreweras and reverse Kreweras models
Ruijie Xu, Nicholas R. Beaton and Aleksander L. Owczarek

Some calculations accompanying the solution to reverse Kreweras walks with general
boundary weights (a,b,c). Symbols and equation numbers match the manuscript where
possible.

Note: Many symbols are reused between this notebook and the Kreweras notebook --
be sure to quit the kernel before switching to the other one, or use a different kernel for
each.

(This block needs to be expanded to run some preliminary commands!)

Preliminaries
It will be useful to have some series to substitute into equations to check their validity.

n-1= (* shorthand to apply a function f to the terms of a series x)
ApplyToSeries[f_, S_] := MapAt[f /e# &, S, 3]

n-= (*+ mathematica sometimes has trouble when
combining multiple series in the same variable x)
(*» so here's a way of dealing with that x)
Simplificate[S_] :=
Table[S[[1]1]"n, {n, S[[-31]/S[[-1]11, S[[-31]/S[[-1]]+ (Length[S[[3]]]-1)/
S[[-111, 1/S[[-111}].S[[311+0[S[[1]1]1"(S[[-2]11/S[[-11])

m= (% this will also be useful x)
Needs["Notation "]

n-1= Symbolize[ParsedBoxWrapper [SubscriptBox["_", " "]]]
Symbolize[ParsedBoxWrapper [SubsuperscriptBox["_", " " " "]7]

n-1= (* calculate the coefficients (po'l.ynom'ia'Ls in a,b,c) recursively =)

(» let q[n,i,j] be the total weight of

walks of length n ending at coordinate (i,j) *)

Clear[q]

q[o, 0, 0] = 1;

qln_, i_,3_1:=(qln,i,31=0) /5 (n<@||i<0|]]<0);

q[n_,1i_,3_1 :=

(aln, i, 31 = Expand[q[n-1, i+1, j+1]+q[n-1,49-1,3]+q[n-1,1,j-1]]) /3
(i>08&&j >0)

qln_, 0, j_1 := (q[n, ©, j] = Expand[bq[n-1,1, j+1]+bq[n-1, 0, j-11]1) /5 (j > 0)

q[n_, i_, 0] := (q[n, i, 8] = Expand[aq[n-1,i+1, 1] +aq[n-1,i-1,0]]) /; (i>@)

q[n_, ©, 0] := (q[n, ©, 8] = Expand[cq[n-1, 1, 1]])



2 reverse Kreweras - final.nb

n-1= (* then the generating functions x)
Clear[QQ, QQcx, QQcy, QQcxy, QQeval, QQcxeval, QQcyeval, QQdk, QQdkeval]
QQ[N_] := QQ[N] = ApplyToSeries[Expand,
sum[q[n, i, j1*tAn*xx"ixyrj, {n, 8, N}, {i, 0, n}, {j, ©, n}]1+0[t]"(N+1)]
(» coefficients of specific powers of x,y, or both x)
QQcx[N_, i_1 :=QQcx[N, 1] = ApplyToSer‘ies[Expand,
sum[q[n, i, j]1 *tAnxy"j, {n, @, N}, {j, 0, n}] +0[t] " (N+1)]
QQcy[N_, j_1 :=QQcy[N, j] = ApplyToSeries[Expand,
sum[q[n, i, j]*tAnxx"i, {n, 0, N}, {i, ®, n}] +0[t]" (N+1)]
QQexy[N_, i_, j_1 :=QQcxy[N, i, j]1 = ApplyToSeries[Expand,
sum[q[n, i, j1*tAn, {n, ©, N}] +0[t]" (N+1)]
(» evaluating QQ at some other values of (x,y) =)
QQeval[N_, xx_, yy_1] :=QQeval[N, xx, yy] = ApplyToSer‘ies[Expand,
sum[q[n, i, J1 *tAn*xx"ixyyrj, {n, ©, N}, {i, 0, n}, {j, 0, n}]+0[t]"(N+1)]
QQcxeval[N_, i_, yy_] := QQcxeval[N, i, yy] = ApplyToSer‘ies[Expand,
sum[q[n, i, j1*tAnxyy"j, {n, , N}, {j, 0, n}] +0[t] " (N+1)]
QQcyeval[N_, j_, xx_] :=QQcyeval[N, j, xx] = App'I.yToSer'ies[Expand,
sum[q[n, i, ]t An*xx"i, {n, 0, N}, {i, ®, n}]+0[t]" (N+1)]
(* the generalised diagonal term x)
QQdk[N_, k_] :=QQdk[N, k] = ApplyToSeries[Expand,
sum[q[n, i, i+k] »tAn*x"i, {n, 0, N}, {i, 8, n}]+0[t]" (N+1)]
QQdkeval[N_, k_, xx_] := QQdkeval[N, k, xx] = ApplyToSer‘ies[Expand,
sum[q[n, i, i+k] *t nxxx"i, {n, 8, N}, {i, 0, n}]1+0[t]1 " (N+1)]

Section 3

m-= (* the kernel and A,B,G *)
K[x_,y_ l:i=1-t(x+y+1/x/Yy)
A=B=G=1/x/y
1
Outf¢]= ——
Xy
nj= (» the rhs of eqn (3.3) #)
mainFE=1/c+1/a (a-1-taA)Q[x, 0] +
1/b(b-1-tbB)Q[o,y]+(1/(abc) (ac+bc-ab-abc)+tG)Q[o, 0];
(» then verifying eqn (3.3) x)
mainFE - K[x, y] ©Q[x, yl /. {Q[x, y] » QQ[12],
Q[x, 6] » QQcy[12, 0], Q[0O, y] » QQcx[12, 0], Q[0, O] » QQcxy[12, O, 0]}

our-1= 0[t] 13
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Section 4.2

mn-1= (* apply the kernel symmetries =)
mainFEO® = mainFE;
mainFEl = mainFEG /. {x > 1/ (xYy)};
mainFE2 = mainFEl1 /. {y>1/ (XYy)};
mainFE3 = mainFE2 /. {x>1/ (XYy)};
mainFE4 = mainFE3 /. {y» 1/ (xy)};
mainFE5 = mainFE4 /. {x > 1/ (xYy)};

n-1= (x* the vector V from egqn (4.5) =x)
(* the order is arbitrary =)
V={Q[x, 0], Q[0, y], Q[1/x/y, 0], Q[0, 1/x/Yy], Q[0, x], Q[Yy, O]};
(» then the coefficient matrix M =x)
M = {Coefficient[mainFE®, V], Coefficient[mainFEl, V], Coefficient[mainFE2, V],
Coefficient[mainFE3, V], Coefficient[mainFE4, V], Coefficient[mainFE5, V]}

at bt
,lJrafxy —lerfxy Lebobtx _l-a-atx
Out[*]= {{ ) b , 0, 0, o, O}, {0, . , , 0,0, 0}’
2 a
bt at
-1+b-btx -l+a-atx —l+b_xy _1+a_xy
[0, 0,0, , 0, }, {0, 0, 0,0, , 5,
b a b .
-l+a-aty -l1+b-bty -l+a-aty -1+b-bty
{e, 0, ———, 0, -, 0}, {———, 0,0, — 0,0})
a a

n-p= (* write this using =*)
Ap[x_,y_l:=1/a(a-1-ta/x/y)
Bp[x_,y_1:=1/b(b-1-tb/x/y)
{{Ap[x, y1, Bp[x, y], 0, 06, 06, 0}, {6, Bp[1/x/Yy, Y], Ap[l/x/y, Y], 0, 0, 0},
{0, 0, 0, Bp[y, 1/x/Yy]l, 0, Aply, 1/x/Yyl},
{0, 0, 0, 0, Bp[y, x], Ap[y, x1}, {0, O, Ap[1/x/y, X], 0,Bp[l/x/Yy, x], O},
{Ap[x, 1/x/y], 0,0, Bp[x,1/x/y], 0, 0}}-M
o= {{0, 6, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0}, {0, 0,0, 0, 0, 0},
{0, 0, 0, 0, 0, 0}, {0, 0, O, O, O, O}, {O, O, O, O, O, O}}

mn-1= (* the vector C is everything else, see eqn (4.7) =*)
CC = {mainFE®, mainFEl, mainFE2, mainFE3, mainFE4, mainFE5} /. (8> 0&/@V)

1 -ab+rac+bc-abc t 1 -—ab+ac+bc-abc

ourel= { =+ 5 +— | Q[0, 0], —+ b +tx|Qlo, 0],
C abc Xy c abc
1 -ab+rac+bc-abc 1 -—ab+ac+bc-abc t
-+ +tx|Q[O, 0], —+ +—1|Q[0o, 0],
C abc C abc Xy
1 -ab+ac+bc-abc 1 -ab+ac+bc-abc
=, +ty)o[o,01,7+ +ty]Q[o,01}
c abc C abc

n-1= (* M has rank 5 x)
MatrixRank[M]

Outf#]= 5
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n-1= (* the vector N spans the nullspace of M, see egn (4.8) *)
NullSpace[M'];
(* clean up the denominators a bit )
NN = -%[[1]] *» (-at-xy+axy)(l-b+btx)/x// Factor
(*» and see x)
NN.M // FullSimplify
(l-a+aty) (-bt-xy+bxy)

outf+]= {—(1—b+btx)y(l—a+at>/),— ’
X

(1-b+bty) (-at-xy+axy)

, (l-a+atx)y(l-b+bty),
X

(l-a+atx) (-bt-xy+bxy) (1-b+btx) (-at-xy+axy)

» }

X X

ouf-j- {0, 0, 0, 0, 0, O}

n-j= (* we observe that N.C = 0 x)
NN.CC;
FullSimplify[%]

Out[#]= 0

n-1= (* now we need to extract [y”0] of N.Q =)
fullos =
NN.{Q[x, y1, Q[1/x/y, ¥],Qly, 1/x/yl, QLly, X1, Q[1/Xx /Yy, x], Q[x, 1/ x/Yy]}
(* check it x)
% /. {Q[ecks_, why_] » QQeval[1l2, ecks, why]}
(1-b+btx) (-at-xy+axy) Q[x, i}

oufel= - -(1-b+btx)y(l-a+aty)Q[x,y]+
X

(l-a+atx) (7btfxy+bxy)Q[i,x} ) (l1-a+aty) (7btfxy+bxy)Q[i,y] )
X X

(1-b+bty) (-at-xy+axy)Q[y, ﬁ}

(l-a+atx)y (l-b+bty)Qly, x] +
X

our-]= 0[] 13
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n-= (% this is not too complicated x)
fullosyo = {6, 0, 0, 0, 0, 0}
(» the Q[x,y] term x)
CoefficientList[Coefficient[fullOS, Q[x, y]1, Y]
(* it contributes nothing x)
fulloSyo[[1]] =©
(» the Q[1/x/y,y] term =)
CoefficientList[Coefficient[fullOS, Q[1/x /Yy, Y]], V]
(* it contributes some diagonal terms x)
fulloSyO[[2]] = %[[1]] *Q§[1/x] +%[[2]] *Q% [1/x] +%[[3]] *Q%[1/x]
(» the Q[y,1/x/y] term =)
CoefficientList[Coefficient[fullOS, Q[y, 1/x/Yy]l]l, V]
(*» some more diagonal terms =x)
fulloSyO[[3]] = %[[1]1] *Q§[1/x] +%[[2]]1 *Q5[1/x] /x+%[[3]]1*Q3[1/x]/x"2
(» the Q[y,x] term %)
CoefficientList[Coefficient[fullOS, Q[y, x11, Y]
(* gives nothing )
fulloSye[[4]] =©
(» the Q[1/x/y,x] term =)
CoefficientList[Coefficient[fullOS, Q[1/x /Yy, x]1, V]
(* gives %)
fullosyo[[5]] = %[[1]] *Q[O, X] +%[[2]] *Qq,.[X] /X
(» the Q[x,1/x/y] term =)
CoefficientList[Coefficient[fullOS, Q[x, 1/x/y]l]l, ¥yl
(* gives =)
fulloSyo[[6]] = %[[1]] *Q[x, @] +%[[2]] *Q.,1[X] /X

our)- {0, ~l+b-btx-a(-l+b-btx),at (-1+b-btx)}

outf+}= O
bt abt ab t?
Outf+]= {———,l—a—b+ab+—,at—abt}
X X X
2
outf+]= bitfabt Qg[l}+[lab+ab+abt Q‘fl[l]+(at—abt)Q‘f2[£}
X X X X X X
a abt abt?
Outf+]= {——+ ,-l+a+b-ab- ,—bt+abt}
X X X
2t abt 1 (71+a+b—ab—7abtz)Q‘Hl] (-bt+abt) Q%]
outfej= |- — + Q8[7]+ X 4 x
X X X X x2

o= {0, 1l-a+atx-b(l-a+atx),bt(l-a+atx)}

Outf#]= 0

bt (l-a+atx)

Outf+]= {— ,—l+a—atx+b(l—a+atx)}

X

bt (l-a+atx)Q[0,x] (-l+a-atx+b(l-a+atx))Q,.[x]
Out[*]= — +
X X
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t(l-b+bt
om”:{a ( ’ X>,l—b+btx—a<l—b+btx)}
X

at(l-b+btx)Q[x,0] (l-b+btx-a(l-b+btx))Q.1[x]
Outf#]= +
X X

- Total[fullOoSye] // Collect[#, Q§[1/x]] &
(* check it x)
% /. {Q[0, x] -» QQcxeval[12, 0, x], Q[Xx, 6] » QQcy[12, @],

1
Qi1,.[x] » QQcxeval[l2, 1, x], Q.,1[x] » QQcy[12, 1], Qg[_] - QQdkeval[12, 0, 1/X],
X
gl gl
Q% [=] - Qadkeval[12, -2, 1/x], Q% [=] - Qadkeval[12, -1, 1/x],
X X

1 1
Q[ =] - QQdkeval[12, 1, 1/x], Q§[ =] - QQdkeval[12, 2, 1/x]}
X X

bt (l-a+atx)Q[e,x] at(l-b+btx)Q[x, 0]

Out[¢]= — + n
X X
(-1+a-atx+b(l-a+atx))Qy,.[x] (l-b+btx-a(l-b+btx))Q. 1[x]
+ +
X X
“l+a+b-ab-2tt Qdft
_at bt Qg{ih( x ) I[X}Jr
X X X X

abt?

Q%[ 1]+ (at-abt) o4 [ ]

+[1ab+ab+
X X

X

oul- O[t]%3

= (* some boundary and diagonal relations

can be used to eliminate some of these x)
(» the equation for Q[x,0] =*)
Qx0eqn = -Q[Xx, 0] +1+taxQ[x, 8] +ta/x (Q.,1[X] -xQ1,1-Qo,1) +tcQi,1
(* check it =)
% /. {Q[x, 0] »QQcy[12, 0], Q.,1[Xx] » QQcy[12, 1],

Q1,1 » QQcxy[12, 1, 1], Qo,1 » QQcxy[12, 0, 1]} // Simplify
(* similarly for Q[O,x] =x)
Qoxeqn = -Q[0, x] +1+tbxQ[0, x] +tb/x (Q,.[X] -XQ1,1-Q1,6) +tc Qs
(* check it x)
% /. {Q[0, X] » QQcxeval[1l2, @, x], Qi,.[x] » QQcxeval[l2, 1, x],
Q1,1 » QQcxy[12, 1, 1], Q1,6 » QQcxy[12, 1, 0]} // Simplify

(» then for diagonals, starting with the -1 %)
Qdmleqn = -Q% [1/x] +tx (Q4[1/X]-Qz,1/X"2-Qu,0/X) +

ta/xQy1+t/x (Qg[l/x] -Q[e, 0]) +ta/xQ[0, 0] +t QY [1/x]
(» check it =x)
% /. {Q%[1/x] »QQdkeval[12, -2, 1/x],

Q% [1/x] » QQdkeval[12, -1, 1/x], Qi[1/x] » QQdkeval[12, 0, 1/x],

Q[0O, 0] » QQcxy[12, 0, 0], Q1,0 » QQcxy[12, 1, 0], Q2,1 » QQcxy[12, 2, 1]}
(*» then the 0 diagonal x)
QdoOeqn =
-QY[1/x]+1+tx (QQ[1/x]-Q1,1/x-Q[0,0]) +tcQy1+t/xQI[1/x]+tQ%[1/x]
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(* check it x)
% /. {Q9[1/x] » QQdkeval[12, 0, 1/x], Q% [1/x] » QQdkeval[12, -1, 1/X],
Qi'[l/x] - QQdkeval[1l2, 1, 1/x], Q[0, 0] » QQcxy[12, 0, 0], Q1,1 » QQcxy[12, 1, 1]}
(* then the 1 diagonal x)
Qdplegn = -Qf[1/x] +tx (Q[1/x]-Q1,2/X-Qo,1) +
thbQu2+t/xQS[1/x]+t (Q[1/x]-Q[0, 0]) +tbQ[e, 0]
(* check it x)
% /. {Q[1/x] »QQdkeval[12, 2, 1/X],
Qd[1/x] » QQdkeval[12, 1, 1/x], QI[1/x] » QQdkeval[12, 6, 1/x],
Q[0O, 0] » QQcxy[12, 6, 0], Q¢,1 » QQcxy[12, O, 1], Q1,> » QQcxy[12, 1, 2]}
(* now with all these we've introduced some point terms
that can be eliminated, namely Q,,1, Qi,> and Q1,1 *)
Q10eqn = -Q;,0+taQ[0, 0] +taQy,:
(» check it x)
% /. {Q,o » QQcxy[12, 1, 0], Q[0, 0] » QQcxy[12, 0, 0], Q2,1 » QQcxy[12, 2, 1]}
Q0leqn = -Qp,1 +thQ[0, 0] +tb Q1,2
(* check it x)
% /. {Qo,1 » QQcxy[12, 0, 1], Q[0, 0] » QQcxy[12, 0, 0], Q1,2 » QQcxy[12, 1, 2]}
Q00eqn = -Q[0, O] +1+tcQy,:
(* check it x)
% /. {Q[0, 0] » QQcxy[12, 0, O], Q;,1 » QQcxy[12, 1, 1]}
(* these ones will be useful in a bit x)
Qllegqn = -Q;,1 +t Q2,2+t Qo,1+t Q0
(* check it x)
% /. {Qi,1 »QQcxy[12, 1, 1], Q2,2 » QQcxy[12, 2, 2],
Qe,1 » QQcxy[12, 0, 1], Q1,6 » QQcxy[12, 1, 0]}
Q22eqn = -Q 2+t Q3,3+t Q12+t Qz3
% /. {Q2,2 » QQcxy[12, 2, 2], Q3,3 » QQcxy[12, 3, 3],
Q1,2 » QQecxy[12, 1, 2], Q2,1 » QQcxy[12, 2, 1]}
at (-Qo,1-Q1,1X+Q-,1[X]>

X

Outf+]= l+CQ1’1t—Q[X, 0] +ath[x, @] +

our-- O[t]*3

bt (- - + .
our- 1+¢Qr1t-QO, x] +btxQ[0O, x] + (Qu0 - Q11 X+ Qs [X1)

X
our-- O[t]*3
aQ, t atQ[o,0] t[-Q0,0)+0Qf[+]]
Out[*]= + + -
X X
Q[ ] vt [- 2222 e (1)L ke, [
X X X X X
oul- O[t]*3
1 1 tQf[ ]
our = 1+cQut-Q[ =] +tx -Ql’l-Q[o,o]+Qg[—] . QY [ =]
X X X X X

ou-l- O[t]%3
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1
our- bQu,t+btQ[O, 0] +t [-Q[0O, 0] +Q8[—]] QU]+t x [-Qoy -
X

Out[+]=

Out[]=

Out[]=

Out[]=

Out[]=

Out[+]=

Out[]=

Out[]=

Out[]=

Out[+]=

Out[]=

o[ty
-Qi,0+aQy,1t+atQ[o, 0]
o[t)*
-Qo,1+bQi,t+btQ[O, 0]
o[ty

1+cQy,;t-Q[0, 0]

o[ty
-Q1,1+Qo,1t+Qiot+Q, 2t
o[ty
“Q22+Qi2t+Q1t+Qs3t

O[.t] 13

1

X

Q1,2
+
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nj- (» applying these gives eqn (4.10) =)
fulloSyoe /. Solve[QxBeqn = 0, Q. 1 [x]]1[[1]]}
% /. Solve[QOxeqn == 0, Q1 . [x]]1[[1]]}
% /. Solve[Qdmleqgn = 0, Q% [1/x]][[1]]};
% /. Solve[Qdpleqn =0, Q§[1/x]][[1]];
% /. Solve[Qdoeqn =0, Q% [1/x]1][[1]];
% /. Solve[QlOeqn == 0, Q> 1] [[1]];
% /. Solve[QOleqn == 0, Q1 o] [[1]]};
% /. Solve[QOOeqn == 0, Q;,1][[1]];
full0Syev2 = Collect[Total[%],

1 1
{Qre, 01, Q§[ =], Q{[~]> QI0, X1, Q[x, 0]}, Collect[#, x, Factor] &]
X X
(* check it x)
% /. {Q[®, x] » QQcxeval[12, 0, Xx],
Q[x, 6] » QQcy[12, @], Qg[i] - QQdkeval[12, 0, 1/X],
X

1
Q{[~] - QQdkeval[12, 1, 1/x], Q[0, 0] » QQcxy[12, 0, 0]}
X

-1+b abt (-2a+b+ab)x
- - +
ct C X c
ab-ab?+ac-a’?c-bc-abc+a?bc+b?c+a?b?ct® ab(-l+c)t

Out[#]=

abct C X
(2a2b7ab27a2bzfachabc+b2c+a2b2c)x
+a(-1+b) tx*| Q[o, 0] +
abc
l-a-b+ab+ab?t? (-1+a)bt (-1+b) (a-b+ab)x 5
_ + + —a(—1+b)tx Q[O, x] +
bt X b
_a- 2 3 -1+b -1 - b b
l-a-brab+a’?bt® a(-1+bjt (-1+a) (-a+b~a )><+<71+a)btx2 QUx, 0] +
at X a
_ 3 -2 2b b) t
_zl+brabt® [-2a+2brab) +(l+a) (-1+b)x-a(-1+b) tx? Qg[ip
t X X
2
—(—a—b+2ab)t—2abt . 2+a+b Q‘Hi}
x2 X X

our- - O[t]*?

m-1= (* we now take the positive and negative parts wrt x =x)
(* this is straightforward =)
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n= (* for the positive part x)
(xeqn (4.11) %)
fullOoSyOxpos = {0, 0, 0, 0, 0, 0}

fulloSyov2 /. {Q[__] -0, Qg[i] -0, Qg[i] - 0}
X X

fullOoSyOxpos[[1]] = Select[%, Exponent[#, x] > 0 &]

Coefficient[fullOSyov2, Q[0, O]]

fullOSyOxpos[[2]] = Select[%, Exponent[#, x] > 0 &] *Q[0, O]

Coefficient[fullOSyov2, Q[0, x]]

fullOSyOxpos[[3]] = Select[%, Exponent[#, x] > 0 &] *Q[0, x] +
Select[%, Exponent[#, x] = 0 &] * (Q[®, x] -Q[0, 0]) +
Select[%, Exponent[#, x] = -1 &] » (Q[0, x] -Q[©, 0] - X Qo,1)

Coefficient[fullOSyoOv2, Q[x, 0]]

fullOoSyOxpos[[4]] = Select[%, Exponent[#, x] > 0 &] *Q[x, O] +
Select[%, Exponent[#, x] = 0 &] * (Q[Xx, 6] -Q[0, 0]) +
Select[%, Exponent[#, x] = -1&] * (Q[x, ] -Q[0, 0] - X Q1,0e)

. . d 1
Coefficient[fullosyov2, Qi[=]]
X
fullOSyOxpos[[5]] = Select[%, Exponent[#, X] == 1 &] *Q[0, O] +
Select[%, Exponent[#, x] =2 &] * (Q[©, 0] +Q1’1/X)
1
Coefficient[fullosyev2, Qf[—]]
X
full0Syoxpos[[6]] = 0
14b abt (,2a+b+ab>x

Out[#]=
ct CcX C

<72a+b+ab) X

Out[]= —
c
ab-ab?+ac-a’lc-bc-abc+a?bc+b?c+a?b?ct® ab(-l+c)t
Outf#]= — _
abct Cc X
(2a?b-ab?-a?b?-a2c-abc+b2c+a’b?c) x
+a(-1+b) tx?
abc
(2a?b-ab?-a?b?-a?c-abc+b?c+a?b?c)x
oufe}= |- +a(—l+b)tx2 Q[o, 0]
abc
l-a-b+ab+ab?t? (-1+a)bt (-1+b) (a-b+ab)x 5
outfej= — + + —a<—1+b)tx
bt X b
-1+b) (a-b+ab) x
outfeJ= ( ) | ) -~a(-1+b) tx*| Q[O, x] -
b
(1-a-b+ab+ab?t®) (-Q[0, 0] +Q[0, x]) (-l+a)bt (-Qe,1x-Q[0, 0] +Q[0, x])
+
bt X

l-a-b+ab+a2bt3 a(-1+bjt (-1l+a) (-a+b+ab)x
- - +(-1+a)btx?
at X a

Out[«]=
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1 -a+b+ab
(-1+a) (-a+b-a )X+(—l+a)btx2 Qx, 0] +

Out[#]=
a
(1-a-b+ab+a?bt?) (-Q[0, 6] +Q[x, 0]) a(-1+b)t (-Q,ex-Q[0, 0] +Q[X, 0])
at X
~l+b+abt® (-2a+2b+ab)t
outf+]= - + +(1+a) (—l+b>x—a(—l+b)tx2
t X
> Q1,1
our)- (L+a) (-1+b) xQ[0, 0] ~a (-1+b) tx*|—=+Q[0, 0]
X
2abt? -2+a+b
om[]:—(—a—b+2ab)‘t— +
x2 X
outfej= ©
n-= Total[fullOSyOxpos];
% /. Solve[QOOeqn == 0, Q1,:]1[[1]1]}
fullOSyOxposv2 =
Co'l.lect[%, {Q[O’ 0] ’ Q[Xs 0] ’ Q[Gs x] ’ Qe,l, Ql,e}’ Collect[n, X, Factor] &]
(* check it x)
% /. {Q[0, x] » QQcxeval[l2, 0, x], Q[x, 0] » QQcy[12, 0],
Q[0O, 0] » QQcxy[12, 0, 0], Q¢,1 » QQcxy[12, 0, 1], Q1,0 » QQcxy[12, 1, 0]}
(a-b) x
om[]:—(—l+a)bQo’lt+a(fl+b) Qot+ ——+
c
(-1+a) (a-b) (-1+b a-b)t a-b) (ab-ac-bc+abc) x
(2-b) [1:b) [a-b)t [a-b) | )% o0, 01 -
abt X abc
l-a-b b b2 t3 -1 bt -1+b) (a-b+ab) x
- a rabra +( +a) +< ! )( . ) —a(—l+b)tx2 Q[O, x] +
bt X b
l-a-b+ab+a?bts a(—l+b>t (-1+a) (—a+b+ab)x
- - +(-1l+a) btx?|Q[x, 0]
at X a

our-]= 0[] 12
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n-1= (* then for the negative part wrt x =)
(veqn (4.12) %)
fullOSyOxneg = {0, 0, 0, 0, 0, 0}

fullosyov2 /. {Q[__] -0, Qg[i] -0, Qg[i] - 0}
X X

fullOoSyOxneg[[1]] = Select[%, Exponent[#, x] < 0 &]
Coefficient[fullOSyov2, Q[0, O]]

fullOoSyOxneg[[2]] = Select[%, Exponent[#, x] < 0 &] *Q[0, 0]
Coefficient[fullOSyov2, Q[0O, x]]

fullOSyOxneg[[3]] = Select[%, Exponent[#, x] == -1 &] *Q[0, 0]
Coefficient[fullOSyov2, Q[x, 0]]

fullOSyOxneg[[4]] = Select[%, Exponent[#, x] == -1 &] *Q[0, O]

. . arl
Coefficient[fullosyev2, Q[ —]]
X
1
fulloSyOxneg[[5]] = Select[%, Exponent[#, x] < 0 &] * Qg[—] +
X
1
Select[%, Exponent[#, x] == 0 &] * (Qg[—] -QI[o, o]) +
X
d 1
Select[%, Exponent [#, X] = 1 &] * (Q@[—] -Q[o, 0] —Ql,l/x) +
X
1
Select[%, Exponent[#, X] = 2 &] * (Qg[—] -Q[o, 0] —Ql,l/x—Qz,z/x"z)
X
. ol
Coefficient[fullosyev2, Qf[—]]
X
1
fulloSyexneg[[6]] = Select[%, Exponent[#, x] <0 &] »Qi[—] +
X

1
Select[%, Exponent[#, X] = 0 &] * (Qi‘[—] —Q@,l)

X
-1+b abt (—2a+b+ab)x
Outf#]= - -
ct cx c
abt
Out[¢]= —
c X
ab-ab?+ac-a’2c-bc-abc+a’?bc+b>c+a?b?ct® ab(-l+c)t
Out[#]= — —
abct Cc X
(2a?b-ab?-a?b?-a2c-abc+b?c+a’b?c) x
+a (—l+b> t x?
abc
ab(-1+c) tQ[o, 0]
Outf#]= —
cx
l-a-b+ab+ab?t? (-l+a)bt (-1+b)(a-b+ab)x "
outfe]= — + + —a<—1+b)tx
bt X b
(-1+a)btQ[o, 0]
Outf#]=
X
l-a-b+ab+a2bt3 a(-1+bjt (-1l+a) (-a+b+ab)x
Outf+]= - - +(-1+a)btx?
at X a
a(-1+b)tQ[o, 0]
Outf+]= —

X
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~l+b+abt® (-2a+2b+ab)t

ouf+j= - + +(l+a) (-1+b) x-a(-1+b) tx?
t X
(-2a+2b-ab) tQf[*] (-1+b+abt’) [-Ql0, 0] +0§[2]]
outfe}= = XLy
X t
Q1,1 1
(L+a) (—l+b)x(— = -Q[0o, 0] +Q3[=]| -
X X
a(—l+b>tx2 7Q2,27Q1,17Q[0’0]+Q8[1]
x2 X X
2
owu:f(fa—b+2ab)t72abt + 2+a+hb
x2 X
2
e [ 225 2 ol - (ca-be2ab) € [0 ]
x2 X X X

n-1= Total[fullOSyOxneg];
% /. Solve[Qlleqn = 0, Q2] [[11]1;
% /. Solve[QO0eqn == 0, Q1,11 [[1]1];
fullOSyOxnegv2 =

1 1
Collect[%, {Q[®, 0], Q§[ =], Qi[=]5 Qe,15 Qi,0}, Collect[#, x, Factor] &]
X X
(* check it x)
% /. {Q[O’ 0] » QQcxy[12, 0, 0], Qo,1 » QQcxy[12, 6, 1], Q1,0 » QQcxy[12, 1, 0],
1 1
Q§[ =] - QQdkeval[12, @, 1/x], Qf[~] - QQdkeval[12, 1, 1/x]}
X X

-1+b abt
Outf#]= + (—l+a) bQo’lt—a (—l+b) Q]_’@t— -
ct c X
a(—l+b>x l-b-c+bc+abctd (-ab-ac+bc+abc)t
. _ _
c ct cx

~1+b) (-
(-1+b) a+c+ac)x+a(—l+b)tx2 Q[o, 0] +
C
. 3 (-2a+2b+ab)t
_clrbrabt +( ar2brab) +(l+a) (-1+b) x-a (-1+b) tx? Qg[i}+
t X X
2
(—(—a—b+2ab)t—2ait : 2””’]@;[&}
X X X

our- - O[t]*?

Section 4.3

1= (*+ we now compute the half-orbit sum x)
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nj- (* the vector V, from eqn (4.13) =)
Vo = {Q[0, y], Q[1/x/y, 0], Q[0, 1/x/Yy], Q[y, 0]};
(* then the coefficient matrix M, x)
M, = {Coefficient[mainFE®, V,], Coefficient[mainFEl, V,],
Coefficient[mainFE2, V,], Coefficient[mainFE3, V,],
Coefficient[mainFE4, V,], Coefficient[mainFE5, V,]1}

’l+b’:7; -1l+b-btx -l+a-atx
oue= {{ ,0,0,0}, { , , 0,0},
b b a
-l+b-btx -l+a-atx 71+a7%
{0) 0, ’ }) {O; 0, 0, 7};
b a a
-1 -at -1+b-bt
{0: %: 0, 0}3 {0, 0, %y’ 0}}

n1= (* the vector C; is everything else, see eqn (4.13) «)
CC, = {mainFE®, mainFEl1, mainFE2, mainFE3, mainFE4, mainFE5} /.
{Q[o, y] »0,Q[1/x/y, 0] »0,Q[0,1/x/y] »0,Q[y, 0] » 0}

(—l+a—%) Q[x, 0]
Q[O, 0] + a )

~—ab+ac+bc-abc t
. —

abc Xy

+

Out[«]= {

0= O |k

-ab+ac+bc-abc 1 -ab+ac+bc-abc
+ +tx|Q[o, 0], —+ +tx|Q[0, 0],
abc C abc
bt
1 (-ab+ac+bc-abc (‘l+b_xy)Q[0’X1
-+ +—| Q[O, 0] + )
C abc Xy b
1 (-abtac+bc-abc (-1+b-bty)Q[0, x]
=, +ty)Q[0,01+ :
C abc b
£+ _ab+ac+bc_abc+ty)Q[0,01+ (—l+a—aty)Q[x,01}
c abc a
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n-1= (* My has rank 4 x)
MatrixRank[M;]
(*» so we have two choices for the nullspace vector N, )
Nullspace[ (Mz)7]
(* choose this one, see eqn (4.15) %)
NN, = Select([%, Last[#] =0 &][[1]] * (L -a+atXx) (—bt—xy+bxy) /y // Factor
(» check x)
NN, .M, // Simplify

outf-]= 4
l1-b+bt X (l-a+atx)y (l-b+bty
Out[#]= {{0, 0,— : y,— ’ ( . > :0) l}:
1-b+btx (1-b+btx) (-at-xy+axy)
l1-b+bt 1- t _
(- x ( +btx)y (l-a+aty) 1 a+aty,0,0,l,o}}

(l-a+atx) (-bt-xy+bxy) ’ 1-a+atx

our - {-x (1-b+btx) (l-a+aty),
(l-a+aty) (-bt-xy+bxy) (l-a+atx) (bt+xy-bxy)

- » 0, 0, - ’0}

y y

our-- {0, 0, 0, 0}

m-1= (* this time we divide by the kernel and take the y?0 term,

as per eqn (4.16) x)

m-1= (* the LHS 1is straightforward x)

half0Slhs =

NNz.{Q[x, y1, Q[1/x/y, y], Qly, 1/x/y], Qly, x], Q[1/x/y, x], Q[x, 1/x/y]}
Outf+]= —X(l—b+btx) (l-a+aty)Q[x, y] -

(l1-a+atx) (bt+xy—bxy)Q[ﬁ,x] (1-a+aty) (—bt—xy+bxy)Q[i,y}

y y
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1= (* eqn (4.17) )
half0Slhsyo = {0, 0, 0};
Coefficient[halfOSlhs, Q[x, y]] // Collect[#, y] &
halfOSlhsy@[[1]] = Coefficient[%, y, O] *Q[x, O]
Coefficient[halfOSlhs, Q[1/x/y, y]] // Collect[#, y] &
halfoSlhsy@[[2]] = Coefficient[%, y, -1] *QI[1/ x] +

Coefficient[%, y, 0] xQI[1/ x] + Coefficient[%, y, 1] Q% [1/ X]

Coefficient[halfOSlhs, Q[1/x/y, x]] // Collect[#, y] &
halfOSlhsy@[[3]] = Coefficient[%, y, 0] *Q[0, X]

oup - - (l-a) x (L-b+btx)-atx (1l-b+btx]y
oup)- = (1-a) x (1-b+btx)Q[x, 0]

) -bt+abt
ou-abt?’+x-ax-bx+abx-—————-(-atx+abtx]y

Yy

1 1 1
o~ (abt?+x-ax-bx+abx) Q[ =]+ (bt-abt)Qf[~]+(atx-abtx)Q![~]

X X X

bt (l1-a+atx)
y

outf+]= 7<X—bx) (l-a+atx) -

our)= - (x-bx) (L-a+atx) Q[O, x]

1= half0Slhsy0;
% /. Solve[Qdoeqn = 0, Q% [1/x]1][[1]];
% /. Solve[QOOeqn == 0, Q;, 1] [[1]];
halfoSlhsy@v2 = Collect[Total[%],

{Qro, o1, QS[i] , Q‘f[i], Q[0, x], Q[x, 0]}, Collect[#, x, Factor] &]
X X

-1+b -1+b) (-1
outfeJ= a1 )X+ a(-1+b) ( +C)X-a(-1+b)tx2 Q[o, 0] +
C C
(-(-1+a) (-1+b) x+a (-1+b) tx*)Q[O, X]

Q X
(-(-1+a) (-1+b) x+ (-1+a) btx*) Q[x, 0]

1

X

"
"
(abt?+ (1-b)x+a(-1+b) tx?)Qd[>] (a-b) tQd[>]
X

n-= (* can check this manually =x)

halfOSlhs;

% /. Q[ecks_, why_] -» QQeval[10, ecks, why];

ApplyToSeries[Expand@exSimplify, %];

ApplyToSeries[Coefficient[n+yrn+yA (27),y, 0] &, %];

halfoSlhsyov2 /.

{Q[O, 0] » QQcxy[10, O, 0], Q[Xx, O] » QQcy[10, O], Q[0, X] -» QQcxeval[1l0, O, x],

arl arl
Q3[ =] - QQdkeval[1ie, 0, 1/x], Qf[~] - QQdkeval[10, 1, 1/x]};
X X
ApplyToSeries[Expand@xSimplify, %];
% - %%% // Simplify
outf+]= O['c]ll
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n-= (* now for the RHS x)
(* this will be divided by the kernel x)
halfOSrhs = NN,.CC, // Collect[#, Q[__]1, Collect[#, y, Factor] &] &

abt?-x+ax+bx-abx-atx?-btx?+2abtx? abt?x abt?x?y
Out[«]= — — +
c cy c

1
- (azbztzfazbzctzfabx+a2bx+ab2xfa2b2x+acx7a2cx+bcxf3abcx+
abc

2a’bcx-b?cx+2ab?cx-a’?b?cx+a’b’ctdix-a’lbtx?-ab?tx?+2a?b?
tx2+a2ctx2+abctx2—2a2bctx2+b2ctx2—2ab2ctx2+a2bzctxz)+

t(—c+ac+bc—abc+abtx—actx—bctx+abctx)

N
cy
t x (7c+ac+bc—abc+abtx—actx—bctx+abctx)y

Q[o, o] +
c

((b2t2+x—2bx+b2x) (l-a+atx) (-l+b)t(l-a+atx)

b y

(-1+b) tx (l-a+atx)y|Q[O, x] +

(a?t?+x-2ax+a’x) (1-b+btx) (-1l+a)t(l-b+btx)

a y

(-1+a) tx (1-b+btx)y|Q[x, 0]

Section 4.4

n1= (* this requires factoring the kernel as per eqn (4.21) x)
(» the roots of K x)
A= (1-tx)"2-4tr2/x;
Yo = (1-tx-Sqrt[a])/(2t);
V1= (1-tx+Sqrt[a]l)/(2t);
{K[x, Yol, K[X, Y11} // FullSimplify
ApplyToSeries[Expand@xPowerExpand, Series[Yg, {t, 0, 3}1]
ApplyToSeries[Expande@xPowerExpand, Series[Y;, {t, 0, 3}]]

ouf-}= {0, O}
t 2 3 4
ouf-]= —+t+ | —+x| €2 +0[t]
X x?2
1 t 1
ouf - —-X- —-—t24 |- —_x ‘l'_3+0[t}4
t X x2

ne1= (% and then eqn (4.21) )
1/K[x, yl-1/sqrt[a] (1/(1-Ye/y)+1/(1-y /Y1) -1) /7 Simplify

ouf-J= O
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n-= (*# SO now we can compute the y*0 term of the RHS x)
Coefficient[halfOSrhs, y, -1] /Y, /Sqrt[a] +
Coefficient[halfOSrhs, y, 0] /Sqrt[a] +
Coefficient[halfOSrhs, y, 1] * Yo /Sqrt[a];
halfOSrhsy@ = Collect([%, Q[__]1, Simplify]

t2 (-4+x3)
oupl= |=x (L+b (-1+tx)) [1-tx+ [1-2tx+——F |+
X
t2 (443
a(x (-l+tx) |[-1l+tx- [1-2tx+ —mF— | +
X
t2 (443
bl-5t3x-x |1+ [1-2tx+ ————" | +t2[1-2x3+
X
t2 (-4+x3) t2 (44 x3)
1-2tx+ ————— | +tx?|3+2 [1-2tx+ ————+ /
X X
4 t2 ) 4 t2 )
c |- +(-1+tx) 1-tx+ |- +(-1+tx) +
X X

t2 (44 x3)
~bex (1+b (-1+tx)) [1-tx+ [1-2tx+ ———" |-a(l+b(-1+tx))
X
t2 (44 x3) t2 (443
bx [-1+tx- l1-2tx+ —m—7— +CX [1-tx+ l1-2tx+ —m—7— +
X X
t2 (443
bcl4t?+2tx?>-2x |1+ [1-2tx+ ———mF— +
X
5 t2 (-4+x3)
a‘|-cx (-1l+tx) |[1-tx+ [1-2tx+ ———m | -
X
2 (—4+x3>
b (-1+tx) [x|-1+tx- [1-2tx+———— |+
X
t2 (74+X3>
cl4t?+2tx2-2x |1+ [1-2tx+ —F— +
X
t? (-4+x3
b2 [ct?*x?+ (1+c) x |1+ l—2tx+¥ +

X
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t2 (—4+X3>
t3|5x+2cx-cx |l1-2tx+ ————~L | =
X
X t2 (-4+x3) t? (-4+x3)
txc |3+2 1-2tx+——— +C |2+ l1-2tx+ —m—— +
X X
t2 (-4 +x3
t2 [-1+2x3- 1—2tx+¥+c
X
t2 (-4 +x3)
“3+x3+ [1-2tx+ —F Q[0,0}/
X
4 12 5 42 2
abc |- + (-1+1tx) 1-tx+ |- +(-1+1tx) +
X X
(l+a (-1+tx))
t2 (-4 +x3)
X-tx?+x [1l-2tx+ ——mL 4
X
t2 (-4 +x3 t2 (-4 +x3
b2 |x-t3x-tx%+x 1—2tx+¥+t2 3+ [1-2tx+ ( ) +
X X
T2 (-4+x3)
bl4t?2+2tx2-2x |1+ [1-2tx+ ————F Q[O,x]/
X
4 2 5 4 2 )
- +(-1+tx) 1-tx+ |- +(-1+tx) +
X X
(1+b (-1+tx))
t2 (44 x3)
X-tx?+x [1-2tx+ —F— 4
X
t2 (-4 +x3 t2 (-4 +x3
a? Ix-t3x-tx%+x l—2tx+¥+t2 -3+ l—2tx+¥ +
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In[«]:=

Outf#]=

Inf*]:=

Out[#]=

Inf¢]:=

t2 (—4+X3>
al4t?+2tx?-2x |1+ [1-2tx+ ————— Q[x,@]/
X
4 t2 5 4 t2 ,
a |- +(-1+tx) 1-tx+ |- +(-1+tx)
X X

(» we can check it =)

halfoSrhs /K[x, y] /. Q[ecks_, why_] - QQeval[10, ecks, why];
ApplyToSeries[Expand, %];

ApplyToSeries[Select[#+y rn+y" (2x), Exponent[#, y] = 0 &] &, %];
halfOSrhsy0 /. Q[ecks_, why_] -» QQeval[10, ecks, why];
ApplyToSeries[Expand, %];

% - %%%

O[t]ll
(» and check it some more =x)

half0Slhsy@v2 - halfOSrhsyo0;
% /. {Qlecks_, why_] - QQeval[10, ecks, why],

arl arl
QS[ =] - Qdkevalf[10, @, 1/x], Qf[~] » Qadkeval[10e, 1, 1/x]}
X X
O[t]ll
(* now we can use the equations from the

full orbit sum to eliminate Q[0,x] and Q‘i‘[i] *)

(» and get to eqn (4.26) =)
half0OSyo =
half0Slhsy0Ov2 - halfOSrhsy0 /. Solve[fullOSy®xposv2 == 0, Q[0, x]]1[[1]] /.

ar 1
Solve[fullOSy0xnegv2 = 0, Qf[—]][[11];
X
(*» clean up some denominators =x)

half0oSy0v2 = halfoSy0 xac VA * (ax (L+tx)+x (-2+b+btx)-2abt (t+x?));
Ux,o = Simplify[-Coefficient[halfOSyov2, Q[x, 0]]1] // Factor

1
v§ = -Coefficient[halfosyeov2, Qf[ -] ]/ sqrt[a] // Simplify // Factor
X
Coefficient[halfOSyOv2, Qp,;:] // Simplify;
(Numerator[%] * (—1 +tx+4/a ) // Expand // S'impl'ify)/
(penominator %] « (-1+tx+ &) // Expand // Simplify);

t2 (-4 +x3)
Ho,1 =%/« ,|1-2tx+ ———— 0 // Factor

X

t2 (-4+x3)

ve,1 = Coefficient[%%, ,[1-2tx+
X

| 7/ Factor

Coefficient[halfOSyOv2, Qi,0] // Simplify;
(Numerator[%] * (—1 +tx+4/a ) // Expand // S'impl'ify)/
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(Denom‘inator[%] * (—1 +tx+A ) // Expand // S'impl-ify) H

t2 (-4+x3)
Mi,0=%/+. |1-2tx+ ——= 50 // Factor

X

t2 (-4 +x3)

X

vi,0 = Coefficient [%%, 1-2tx+ ] // Factor

Coefficient[halfOSyov2, Q[0, 0]] // Simplify;

(Numerator [%] » (1-tx-Sqrt[A]) // Expand // Simplify) /
(Denominator [%] « (1-tx-Sqrt[a]) // Expand // Simplify);

t2 (-4+x3)
Ho,0 =% /. 1-2tx+ —— -5 0 // Factor

X

t2 (-4 +x3)

X

vo,o = Coefficient [%%, 1-2tx+ ] // Factor

1
halfosyev2 /. {Q[__1 -0, Qi,0 = 0, Qo,1 >0, Q§[~] » 0} // Simplify // Factor;
X

(Numerator [%] » (1-tx-Sqrt[a]) // Expand // Simplify) /
(Denominator[%] (1 -t x-Sqrt[a]) // Expand // Simplify);

t2 (-4 +x3)

X

u=%/. 1-2tx+ - 0 // Factor

t2 (-4+x3)

v = Coefficient[%%, .[1-2tx+ | 7/ Factor

X

oup)- -2¢ (1-b+btx) (a®t?+x-ax-atx®+a’tx?)
(2abt2+2x—ax—bx—atxz—btx2+2abtxz)

oup-2ac (@ t?+x-ax-atx’+a’tx?) (b>t?+x-bx-btx?+b?tx?)
oui-j- - (-1+a) abct?x (2abt2+2x—ax—bx—atx2—btx2+2abtxz)
our- (-1+a) a (a—b) bct?x?

ou-j= a® (—l+b) ct?x (2abt2+2x—ax—bx—atxz—btx2+2abtxz)
ouel= —a? (a—b) (—l+b> c t? x?

Outf+]= —(2abt2+2x—ax—bx—atx2—btx2+2abtx2>
(azbt2+a2ct2—abct2—a2bctz—ax+a2x+abx—a2bx+2cx—2acx—
2bcx+2abecx+a’bectdix-2abtx?+a?btx?+a’ctx?+2bctx?-

abctx’-a’bctx’*+a’bt’x?*-a’ct’x’-abct?x*+a’bct’x?)

oufj= —a X (a2bt2+ab2t2—2a2b2t2—azct2+a2bctz—bzct2+ab2ct2+ax—a2x+bx—
2abx+a’lbx-b?x+ab?x-2cx+2acx+2bcx-2abcx+2a?b?t3x-a’bctdx-
ab?ctix+a’btx?+ab?tx?-2a’?b?tx?-a?ctx?+a’bctx?-b>ctx?+ab?ctx?-

a2bt2x3—ab2t2x3+2a2b2t2x3+a2ct2x3—a2bct2x3+b2ct2x3—ab2ct2x3)
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ouj- a <2abt2+2x—ax—bx—atxz—btx2+2abtx2)

(abtz—x+ax+bx—abx—2btx2+abtx2+abt2x3>

ouf-j= a X (azbt2+ab2t2—2a2b2t2+ax—a2x+bx—2abx+a2bx—b2x+ab2x+

2a2b2t3x+a2btx2+ab2tx2—2a2b2tx2—a2bt2x3—ab2t2x3+2a2b2t2x3)

n-= (* then check all that x)
d arl
- x,0 Q[X, 0] - v§ Sart[a] Q§[ =] + (u+v Sart[a]) +
X

(ue,o +Vo,0 Sqrt[A]) Q[o, 0] + (He,l +Vo,1 Sqrt[A]) Qo,1 + (lll,o +Vi,0 Sqrt[A]) Q1,0 /-

{alx, 01 > QQey[12, 0], Q3 =] » Qedkeval[12, 0, 1/x],
X

Q[o0, 0] -» QQcxy[12, 0, 0], Qe,l - QQcxy[12, 0, 1], Ql,G - QQcxy[12, 1, 0]}

our-- O[] 13

Section 4.5

n= (* the factorisation of A x)
(* using Root 1instead of radicals seems to +improve performance =)
(» different versions of Mathematica may take Root[...] 1in different orders,
so let's not make any assumptions x)
Off[Root::sbr]
dy =Root[-4t?+u-2tw +t? 1> &, 1];
d; =Root[-4t?+u-2tu+t>#° &, 2];
d; = Root[-4t?+#-2tu’+t* 4 &, 3];
X; = Select[{d;, d;, d3}, Normal[Series[#, {t, 0, 1}]] == 0 &] [[1]]
X, = Select[{d;, d;, d3}, Normal[Series[#, {t, 0, 1}]] ==1/t+2Sqrt[t] &][[1]]
X3 = Select[{d;, d;, d3}, Normal[Series[#, {t, 0, 1}]] ==1/t-2Sqrt[t] &][[1]]
(» then eqns (4.33)-(4.35) «)
Series[{X1, X2, X3}, {t, 0, 10}]

our - Root[-4t2 +1l-2tul?+t2 013 &, 1]
our - Root[-4t2 + 1l -2tu1%+t211% &, 3]
our- Root[-4t2 + 1l -2 tHl?+ t211% &, 2]

oup - {4t2+32t%+448 %+ 0t M,

1 231 t13/2 7293 t19/2

Z 24t —2t2+5t72 165 T 22418 L, O[t] /2,
t 4 8

1 231 t13/2 7293 t19/2

S 24t 2257216t - T 224t - ————— 4 0[t]2V?)
t 4 8

n= (* then the factorisation =)
Ao = t12 X, X33
Ap=(1-x/X%X2) (1-x/X3);
Ap = 1—X1/x;
(*» so that x)
A=A Ap Ay // FUullSimplify

oute]= @
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nj= (» and then verifying eqns (4.39)-(4.40) =)

ne- 1/Sqr[ap];
Series[%, {t, 0, 4}]
Sqrt[Ag Anl;
Series[%, {t, 0, 4}]

1
oup - Laxt+x® 2 +x3 3+ = (48 x+8x*) th+0[t]%?
8

t? ; 2t
_4t3 -
X X

Section 4.6

outfej= 1 -

nj= (» we now wish to take eqn (4.26), divide by Sqrt[a,],
and take the [x">] and [x“<] parts of that x)
(* we must divide by x first, otherwise we end up with the term Q4,4
which cannot be reduced to a combination of Q[0,0], Qe,1 and Qi,6 *)
(» sadly this makes the calculations more complicated =x)

m1= (% it is simpler to leave the X; unevaluated until we need them =x)
(» so define x)
Ao = t 72 XXy XX33
Ay = (L-x/XX3) (1-x/XX3)3
ABp = 1-XX1 /X3

m-1= (* the following two expansions will be useful =)
(+ the expansion of 1/Sqrt[a,] *)
Series[1/sqrt[aa,], {X, 0, 5}];
ApplyToSeries[Factor, %]
(*» and the expansion of Sqrt[A_] *)
Series[Sqrt[AA,], {X, Infinity, 5}]
1 (XX2 + XX3) x . (3 XX3 +2 XXz XX3 + 3 XX3) x? . (XXz + XX3) (5 XX3 -2 XXz XX3 + 5 XX3) x* .
2 XXo XX3 8 XX3 XX% 16 XX3 XXg
(35 XX% + 20 XX3 XX3 + 18 XX3 XX3 + 20 XXz XX} + 35 XX%) x*

+

128 XX§ XX§
(XXz + XX3) (63 XX3 - 28 XX3 XX3 + 58 XX3 XX3 - 28 XX XX3 + 63 XX3) x°

+0[X
256 XX3 XX3

XX1 XX xx3 sxxd 7 XxS 6
Oul[]:lf—f - - - +O[_]
2x 8x? 16x3 128 x* 256x° e
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n= (% first take the [x*>] part =x)
(» first the Q[x,0] term x)
(*» need to remove the x"0 part x)
Hx,o0 / X /Sqrt[an,] *Q[X, 0] -
(XX2 + XX3) x
2 XXy XX3
(XXz + XX3) x
2 XXz XX3
XposLHS1 = Collect[%, {Q[__1, Qi,0}, Factor]
(* check it x)
Hx,0 / X /Sqrt[ap] *Q[x, 0] /. {Q[X, 8] » QQcy[9, 0]};
ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XposLHS1 /. {XX1 » X1, XXz = X2, XX3 = X3} /.

{Q[x, 0] » QQcy[9, 0], Q[0, 0] » QQcxy[9, 0, 0], Q1,6 » QQcxy[9, 1, O] };
%-%% // Simplify

Coefficient[Expand[ux,e / X [1+ J] » X, 0] xQ[0, 0] -

Coefficient[Expand[uy,o / X [1+ J] » %o '1]/)(* (Qr®, 01 +Qu,0 % x) 5

1
X XX5 XX3
2act® (a®bt?xXX; - a’b? t? x XX, + @® b t? x XX3 - a® b? t? x XX3 + 2 @® b t? XX, XX3 -
2 a2 b? t2 XXy XX3+2 ax XXa XX3 - a2 x XXo XX3+2 b x XXo XX3 -5 ab x XXy XX3 +
a® b x XXz XX3 - 2 b? x XX5 XX3 + 3 a b® x XX XX3 + 2 a® b? t2 x XX, XX3) Q[0, 0] -
1

Outf+]= —433 (—l+b) bCQl,O t4+

2c(l1-b+btx) (a®t?+x-ax-atx’+a’tx?)

X-XX2) (X-XX3
XX2 XX3

X

(2abt?+2x-ax-bx-atx*-btx*+2abtx’)Q[x, 0]

our-- 0[t]19/2
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n-= (* then the non-Q terms x)
(XX2 + XX3) x

2 XX, XX3

|11 -

u/x/sqrt[an,] - Coefficient [Expand[u/ x [1 +

XX, + XX
Coefficient[Expand[u/x* (1+ ( 2+ XX) x ]], X, —1]/x,
2 XX XX3

Factor[CoefficientList[v, x] *
Table[x*n, {n, 0, Length[CoefficientList[v, x]] -1}1].
Table[Normal[Series[Sqrt[Aan], {x, Infinity, n-3}]+0[x, Infinity] »x" (3-n)],
{n, 1, Length[CoefficientList[v, x]1}];
XPOSRHS1 = %% + % % Sqrt[AA] / x
(* check it x)
(u+vsqrt[a]) /x/sqrtay];
Series[%, {t, 0, 9}1;
ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XPOSRHS1 /. {XX;1 - X1, XX» - Xa, XX3 » X3}3
Series[%, {t, 0, 9}1;
% - %%% // Simplify
2a%b2t* adb?tt

o - —acbt?-a?b?t?2+2a3b?t?- - +
X XX2
1 2 2 2 2
a(2abt?+2x-ax-bx-atx’-btx*+2abtx?
X X
o s )
a3 b2 t?
(abtz—x+ax+bx—abx—2btx2+abtx2+abt2x3)—7+
XX5
1 2 2 2 2 2 12 +3 2 2 3 XX1
= a(a—a +b-2ab+a’b-b*>+ab’+2a’b’t?) x*-a b(—a—b+2ab)t>< 1-—|+
X 2 X
XX XX2
a’b (-a-b+2ab) t? -SSR XX XX
2x 8x?

ou-- O[t]%972
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m-j= (* then the Q[0,0] terms %)
(XX + XX3) x

Ho,o / X / Sqrt[aa,] - Coefficient[Expand[ue,o / X * [1+
2 XX5 XX3

1%, o] -

XX, + XX
Coefficient[Expand[ue,o / X » |1+ ( 2+ XXs) x ]], X, —1]/x,
2 XX3 XX3

Factor[CoefficientList[vp,0, X] *

Table[x”n, {n, 0, Length[CoefficientList[vo,0, X]] -1}]1].
Table[Normal[Series[Sqrt[aas], {x, Infinity, n-3}]+0[x, Infinity] »x" (3-n)],

{n, 1, Length[CoefficientList[ve,0, X]1}];

XPOSRHS2 = (%% + % * Sqrt[aae] /x) = Q[0, 0]

(* check it x)

(o0 + vo,0 SArt[al) /x/Sartiapl;

Series[%, {t, 0, 9}1;

ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];

XpOSRHS2 /Q[0, 0] /. {XX1 » X1, XXz » Xz, XX3 » X3} ;

Series[%, {t, 0, 9}1;

% - %%% // Simplify

our- |a®bt?+a?b2t?-2a3b?t?+2a%ct?-a’ct?+

2abct’-6a’bct?+albct?-3ab?ct?+5a’b?ct?+2a3b?ct®-
2adb2t*-2albctt+2a?b?ctt+2ab?ct?* a*b?2t* atbct* aZb?ct?
+ + - -

X XX2 XX2 XX2

adb2ct? 1 5 5 5 )
- (2abt?’+2x-ax-bx-atx*-btx*+2abtx?)

o) )

(a®bt?+a’ct’-abct’-a’bct’-ax+a’x+abx-a’bx+2cx-2acx-
2bcx+2abcx+a’?bectd®x-2abtx?+albtx?+alctx?+2bctx?-
abctx’-a’bectx’+a’bt?’x’-a’ct?’x’-abct’x®*+a’bct®x®) +
adb?t* a*bct* a’b?ct* a*b?ct?

+ - - +
XX XX XX5 XX5
1
—|-a(a-a’+b-2ab+a’b-b*>+ab’-2c+2ac+2bc-2abc+2a’b’t’-a’bct?-
X
2 3 2 2 2 2 12 2 2 2 2 3 XX1
ab ct)x +a(—a b-ab?+2a?b?+a’c-a’bc+b?’c-ab c)tx 1-—| -
2 X

a (7a2b7ab2+2a2b2+a2cfa2bc+b2cfab2c) t2 x4

A t2 XX2 XX3 | Q[0O, 0]

[1_XX1 xxi)
2x 8x2

ouir-)- O[t]%972
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nf-1= (% then the Q0,1 terms =x)
(XX + XX3) x

2 XX, XX3

1%, o] -

He,1 /X /Sqrt[aa,] - Coefficient[Expand[ue,: / X (1 +

o (xx2+xx3)
Coefficient[Expand[ue,1 / X » |1+ ]] , X, —1]/x,
2 XX3 XX3
Factor[CoefficientList[vp,1, X] *
Table[x”n, {n, 0, Length[CoefficientList[vo,1, x]]-1}11].
Table[Normal[Series[Sqrt[aas], {x, Infinity, n-3}]+0[x, Infinity] »x" (3-n)],
{n, 1, Length[CoefficientList[ve,1, x]1}];
XPOSRHS3 = (%% + % * Sqrt[Aae] /x) * Qo,1
(* check it x)
(o,1+ vo,1Sart[al) /x/sSartiapl;
Series[%, {t, 0, 9}1;
ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XpOSRHS3 /Qo,1 /+ {XX1 - X1, XXz » Xz, XX3 » X3}
Series[%, {t, 0, 9}1;
% - %%% // Simplify

ourl= Qo,1 |-2a%b?ctt+2ab?ct? -

(-1+a)abct? (2abt?+2x-ax-bx-atx*-btx?+2abtx?)

+

(-1+a) a (a—b) b c t? x 4/ t2 XX5 XX3

our-- O[t]*®
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nf-1= (% then the Ql,@ terms =x)
(XX + XX3) x

2 XX, XX3

1%, o] -

1,0/ X /Sqrt[an,] - Coefficient[Expand[us e / X (1 +

o (xx2+xx3)
Coefficient[Expand[u,e /X » |1+ ]] , X, —1]/x,
2 XX3 XX3
Factor[CoefficientList[vi,o, X] *
Table[x”n, {n, 0, Length[CoefficientList[vi,e, x]] -1}11].
Table[Normal[Series[Sqrt[aas], {x, Infinity, n-3}]+0[x, Infinity] »x" (3-n)],
{n, 1, Length[CoefficientList[vi,0, x]1}];
XPOSRHS4 = (%% + % * Sqrt[Aae] /x) * Q0
(* check it x)
(H1,0 +vi,0 SArt[al) /x/sSartia,l;
Series[%, {t, 0, 9}1;
ApplyToSeries[Select[Expand[#] + X (-x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XpOsRHS4 / Q10 /+ {XX1 - X1, XXz » Xz, XX3 > X3} 3
Series[%, {t, 0, 9}1;
% - %%% // Simplify

o= Qe |[2a°bct*-2a’b?ct+

2 (7l+b)ct2 (2abt2+2x7axfbxfatxsztx2+2abtx2)

a’ (a-b) (-1+b) ct?x+/t? XXy XX3

our-- O[t]*®
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nj= (» and finally (the most complicated) the Qg[i] term x)

Out[]=

Factor|
CoefficientList[v§, x] » Table[x"n, {n, 0, Length[CoefficientList[vy, x]] -1}]]-
Table[Normal[Series[Sqrt[aan], {x, Infinity, n-2}]+0[x, Infinity] »x* (2-n)],
{n, 1, Length[CoefficientList[v§, x]]}];
CoefficientList[%, x] » Table[x*n, {n, 0, Length[CoefficientList[%, x]] - 1}]
(» because I've symbolised Q;,; this last thing has to be done manually )
Length[%]
(%%.{0, 0, Q[0, 0], Q[0, 0] +Q1,1 /X, Q[0, 0] +Q1,1 /X + Q2,2 /x"2}) *Sqrt[ane];
(* now do some eliminations )
XposLHS2 =%/ x /. Solve[Qlleqn == 0, Q2,21 [[1]] /. Solve[Q0Oeqn == 0, Q;,1]1[[1]] /.
Solve[QlOeqn == 0, Q;,3]1[[1]] /. Solve[QOleqn == 0, Q1,21 [[1]]
(* check it x)
ve Sqrt[a] /Sart[ap] /x*Qg[i] /. {Qg[i] - QQdkeval[9, 0, 1/x]};
ApplyToSeries[Select[Expand[#] + X (-7x) + X" (-2 x), Exponent[#, x] > 0 &] &, %];
XxposLHS2 /. {XXy = X1, XXz » Xz, XX3 » X3} /.
{Q[0, 0] -» QQcxy[9, 0, 0], Qe¢,1 » QQcxy[9, O, 1], Q1,0 » QQcxy[9, 1, 0]}
% - %% // Simplify

{0, x|-2a (-a’+a’b-b?>+ab’)ct’-ac(l-a-b+rab-a’bt’-ab’>t?+2a?b”t?) XXy +

1 (-1+a)a (-1+b) (a+b) ctxx§+£ (1-a)a® (-1+b) bctzxxiJ,
4 8
2ac(l-a-b+ab-a’bt’-ab’t’+2a’b’t?) +

(-1+a)a (-1+b) (a+b) ctxx1+i (1-a)a® (-1+b) bctzxxij,
4

x* (-2 (-1+a)a (-1+b) (a+b)ct+(1l-a)a® (-1+b)bct?XX),
2 (-1+a)a’(-1+b)bct?*x*}

5
1 2

=7 XX XX3
X

x> [2ac(l-a-b+ab-a’bt®-ab’t?+2a’b>t?) + (-1+a)a (-1+b) (a+b) ct XX+
1
= (1-a)a*(-1+b) bthXX%) Q[o, 0] +
4
x* (-2 (-1+a)a(-1+b) (a+b)ct+ (1-a)a®(-1+b)bct’XX)
(7’1””0’0] +Q[0,0]]+
ctx

~1:0[0,0]
-Qo,1t-Q1,0t+ ot +—1+Q[0,0]

2 (-1+a)a’ (-1+b)bct>x* .
t x ctx

+Q[0, 0]

ou- - O[t]%972
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n= (% check it =)
- XpOSLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3 + xposRHS4;
% /o {XX1 > X1, XX3 » X5, XX3 =» X3}
% /. {Q[x, 0] » QQcy[12, 0], Q[0, O] » QQcxy[12, 0, O],
Qo,1 -» QQcxy[12, 0, 1], Q1,6 » QQcxy[12, 1, 0]} // Simplify

ou-]- 0[t]2%/2

n-= (* next, the [x"<] part =x)
m-1= (* contribution from the Q[x,0] part is easy =)
(XX + XX3) x

xnegLHS1 = Coefficient [Expand [ux,0 / X * |1+
2 XX, XX3

]],x,—l]/x*oto,m

(-4a°bct*+4a*b2ct?) Qlo, 0]

outf+]=
X
n-j= (* the non-Q term =x)
Coefficient[Expand[u/x], x, -1] /x;
Factor [
CoefficientList[v, x] » Table[x”n, {n, 0, Length[CoefficientList[v, x]]1-1}1].
Table[Normal[Series[Sqrt[AAs], {X, Infinity, n-2}]+0[x, Infinity] »x"(2-n)],
{n, 1, Length[CoefficientList[v, x]1}];
XnegRHS1 = %% + (v Sqrt[aag] /X - %/ x) * Sqrt[Ase]
(* check it x)
Series[(u+vSqrt[al) /x/Sqrt[ay], {t, 0, 12}];
ApplyToSeries[Select[Expand[#] + x 7+ X" (2x), Exponent[#, x] < 0 &| &, %];
Series[xnegRHS1 /. {XX; - X1, XX» » X2, XX3 » X3}, {t, 0, 12}];
%-%% // Simplify
2a3b?t*

Oufe]= — +
X

a (azbt2+ab2t2—2a2b2t2+ax—a2x+bx—2abx+a2bx—b2x+ab2x+2a2b2t3x+

a2btx2+ab2tx2—2a2bztxz—azbt2x3—ab2t2x3+2a2b2t2x3)

1
(—a2b(—a—b+2ab)t2x+a(a—a2+b—2ab+a2b—b2+ab2+2a2b2t3)
X
XX XX XX2
X2 (l——l —azb(—a—b+2ab>‘cx3 A= AR 1) Y
2 X 2x 8x2

17XX1 xx2 o xx3

2x 8x? 16x3

A/ €2 XXo XX3

a’b (-a-b+2ab) t*x*

oui-l- 0[t]%%/2
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n-p= (* the Q[0,0] term =x)

Coefficient[Expand[ue,e / X1, X, -1] /x;

Factor[CoefficientList[ve,0, X] *
Table[x"n, {n, 0, Length[CoefficientList[vp,0, x]]-1}]1].

Table[Normal[Series[Sqrt[aAs], {X, Infinity, n-2}]1+0[x, Infinity] »x"(2-n)],

{n, 1, Length[CoefficientList[ve,0, X]1}];

XnegRHS2 = (%% + (vo,0 SQrt[Aan] /x -%/x) * Sqrt[ases]) = Q[0, 0]

(* check it x)

Series| (ue,0 + vo,0 SArt[Al) /x /Sqrt[ay], {t, 0, 12}];

ApplyToSeries[Select[Expand[#] + x 7w+ Xx" (2 x), Exponent[#, x] < 0 &| &, %];

Series[xnegRHS2 /Q[0, 0] /. {XX1 » X1, XXz » X2, XX3 » X3}, {t, 0, 12}];

%-%% // Simplify

—2a3b?2t*-2adbctt*+2aZb2ct?*+2a3b?ct?

Out[#]= +

X
~a(a’bt?’+ab’t?-2a’b’t’-a’ct’+a’bct’-b’ct’+ab’ct’+ax-a’x+
bx-2abx+a’?bx-b?x+ab?x-2cx+2acx+2bcx-2abcx+

2ab?t3x-a’bectdix-ab?ctdix+a’lbtx?+ab?tx?-2a’b%tx?-

a’lctx?+a’bectx?-b?ctx?+ab?ctx?-a’bt?x®>-ab?2t?x3+

2a°b?t?xP+a’ct?x’-a’bct? P+ b’ ct? x* -ab’ct? X3

1
= a<—a2b—ab2+2a2b2+a2c—a2bc+b2c—ab2c) t2 x -
X
ala-a’+b-2ab+a’b-b*>+ab’-2c+2ac+2bc-
XX
2abc+2a2b2t3—a2bct3—ab2ct3) x2 |1- 224 .
2 X

XX XX?2
1- = 1]
2x 8x?

a(-a’b-ab’+2a’b*+a’c-a’bc+b’c-ab’c) tx?

a(-a’b-ab’+2a’b*>+a’c-a’bc+b’c-ab’c) t?

A/ t2 XX, XX3 | Q[0, 0]

1_Xxl xx2 o xx3

2x 8x% 16x3

our-1= 0t] 25/2
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Infe]:=

Out[«]=

Out[¢]=

In[¢]:=

Out[*]=

Out[#]=

(* the Qp,; term =)
Coefficient[Expand[ue,; /X1, X, -1] /x;
Factor[CoefficientList[ve,1, X] *
Table[x"n, {n, 0, Length[CoefficientList[vp,1, x]]-1}1].
Table[Normal[Series[Sqrt[aAs], {X, Infinity, n-2}]1+0[x, Infinity] »x"(2-n)],
{n, 1, Length[CoefficientList[ve,1, X]1}];
XnegRHS3 = (%% + (vo,1 SQrt[Aa,] /x -%/x) % Sqrt[ane]) * Qo,1
(* check it x)
Series[ (uo,1+ve,1 Sart[al) /x/Sqrt[ap], {t, 0, 12}];
ApplyToSeries[Select[Expand[#] + x 7w+ Xx" (2 x), Exponent[#, x] < 0 &| &, %];
Series[xnegRHS3 /Qo,1 /. {XX1 > X1, XXz » Xz, XX3 > X3}, {t, 0, 12}];
%-%% // Simplify

XX
1-2 _(C1+a)a (a-b) bct?x
X

XX
PSS

) T2 XX5 XX3
2 X

Qo,1 | (-1+a)a(a-b)bct®x

O[t] 13

(* the Q1,0 term x)
Coefficient[Expand[ui,e /X1, X, -1] /x;
Factor[CoefficientList[vi,o, X] *
Table[x”n, {n, 0, Length[CoefficientList[vi,e, x]]-1}11].
Table[Normal[Series[Sqrt[aan], {x, Infinity, n-2}]+0[x, Infinity] »x"(2-n)],
{n, 1, Length[CoefficientList[vi,o, x]1}];
XnegRHS4 = (%% + (v1,0 SQrt[aa,] /X -%/x) »Sqrt[ase]) *Que
(* check it x)
Series[(u1,0+ v1,0 SArt[al) /x/Sqrt[ap], {t, 0, 12}];
ApplyToSeries[Select[Expand[#] + x 7w+ X" (27), Exponent[#, x] < 0 &] &, %];
Series|[xnegRHS4 / Q1,0 /. {XX1 » X1, XXz » Xz, XX3 » X3}, {t, 0, 12}];
%-%% // Simplify

XXy

1_ XX

2 X

Qe [-a° (a-b) (-1+b) ct’x - +a’ (a-b) (-1+b) ct?x ) t2 XXy XX3

X

O[t] 13
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n-p= (* the Qg[i] term x)
Factor|
CoefficientList[v§, x] » Table[x"n, {n, 0, Length[CoefficientList[vy, x]] -1}]]-
Table[Normal[Series[Sqrt[aan], {x, Infinity, n-2}]+0[x, Infinity] »x* (2-n)],
{n, 1, Length[CoefficientList[v§, x]]}];
CoefficientList[%/ x, x] » Table[x"n,
{n, 0, Length[CoefficientList[%/x, x]] -1}]}
(* because I've symbolised Q;i,; this last thing has to be done manually x)
Length[%]
(%%.{Q[0, 0], Q[©, 0] +Q1,1 /X, Q[O®, O] + Q1,1 /X + Q2,2 /x"2,
Q[0, 0] +Q1,1 /X + Q2,2 /X"2+Q3,3/x"3}) » Sqrt[Ane];
(* now do some eliminations x)
% /. Solve[Q22eqn == 0, Q3,3][[1]] /. Solve[Qlleqn =0, Q>,>]1[[1]] /.
Solve[Q006eqn == 0, Q1,11 [[1]] /.
Solve[QlOeqn == 0, Q2,;]1 [[1]] /. Solve[QOleqn == 0, Q1,1 [[1]]}

1
xnegLHS2 = v§ Sqrt[aa,] Sqrt[ane] /x Q5[ =] -%
X

(* check it x)

1 1
vaSqrt[a] /x/Sqrt[ap] *Qg[;] /. {Qg[;] - QQdkeval[9, 0, 1/x]};

ApplyToSeries[Select[Expand[#] + x 7w+ Xx" (2x), Exponent[#, x] < 0 &| &, %];
1
xnegLHS2 /. {XX; » X1, XX5 » Xa, XX3 » X3} /. {Qg[—] - QQdkeval[9, 0, 1/ x],
X
Q[O0, 0] -» QQcxy[9, 0, 0], Qe,1 » QQcxy[9, O, 1], Q1,6 » QQcxy[9, 1, 0]};
% -%% // Simplify

outf-j= 4
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our- = =) £2 XX5 XX3

(—2a (-a*?+a’b-b*>+ab’*)ct’-ac(l-a-b+ab-a’bt’-ab®>t®+2a’b?t3) XX +

: (-1+a)a(-1+b) (a+b) ctXxj-
4

2ac(l-a-b+ab-a’bt’-ab’t’+2a’b’t?)+ (-1+a)a(-1+b) (a+b) ctXXy+

(-1+a)a® (-1+b) bct? xxi) Q[o, 0] +

o |~

X

Laiaa (-1+b) bctzxxﬁ) [M
4 ctx
x2 (72 (-1+a) a (—l+b) (a+b> ct+ (1-a) a2 (*l+b) thZXXl>

[_Qe,lt_Ql,Ot‘*M

+Q[0, O]) +

ct -1+Q[0, 0]
+

t x2 ctx

+Q[o, O}J +

-1+Q[0,0
Qo1 Quotr T -14Q10, 0]

t x2 ctx

2 (-1+a)a® (-1+b)bct*x®

Qo1 t-Quots Mo at0(0,0) Qe btQ[0,0]

Q[o, 8] + : 2 g "
t x3

1
~2ac (a2t2+x—ax—atx2+a2tx2) (b t?+ x-bx-btx*+b*tx?

Out[#]=

m= (% check it =)
-XnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3 + xnegRHS4 ;

96 /. {XX]_ —)Xl, XX2 —)Xz, XX3—)X3};
1

% /. {Q§[~] - QQdkeval[12, @, 1/x], Q[6, 6] » QQcxy[12, 0, 0],
X

Qe,1 » QQcxy[12, 0, 1], Q1,0 -» QQcxy[12, 1, 0]} // Simplify

our-- O[t]*?

n-1= (* constructing eqn (4.41) =x)



Infe]:=

Out[#]=

Out[#]=

Out[#]=

In[«]:=

Out[]=

Out[]=
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Px,e

(a®t?+x-ax-atx*+a’tx?) (2abt?’+2x-ax-bx-atx’-btx*+2abtx?)
Coefficient[xposLHS1, Q[x, 011 /Py,e
(* and then, without bothering to try simplifying anything, =)

Ox,0

Oo,0 = Coefficient[
- XpOosSLHS1 - xposLHS2 + xposRHS1 + xposRHS2 + xposRHS3 + xposRHS4, Q[0, 0]];
0p,1 = Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 +
XPOSRHS2 + xposRHS3 + xposRHS4, Qp,1];
01,0 = Coefficient[-xposLHS1 - xposLHS2 + xposRHS1 +
XpPOSRHS2 + xposRHS3 + xposRHS4, Q1,61
o= (-xposLHSl - XposLHS2 + xposRHS1 + xposRHS2 + xposRHS3 + xposRHS4 /.
{QIx, 0] >0, Q[®, 0] >0, Qo,1 > 0, Q1,0 » 0}) ;
(* check it x)
-0x,0 Px,0 * Q[X, 0] + 0+ 0p,0 * Q[0, O] + 0p,1 * Q0,1+ 01,0 * Q1,0 /-
{XX1 » X1, XX3 » X3, XX3 - X3} /. {Q[X, 6] - QQcy[9, 0], Q[0, O] » QQcxy[9, 0, O],
Qo,1 » QQexy[9, @, 1], Q1,0 » QQcxy [9, 1, 0]} // Simplify

(a®t?+x-ax-atx*+a’tx?) (2abt?’+2x-ax-bx-atx’-btx*+2abtx?)

2c(1-b+btx)

X X-XX2) (X=XX3)
XX2 XX3
0 [t] 19/2

(* constructing eqgn (4.42) *)
Pg= (-at+a’t+x-ax+a’t?x?) (-bt+b>t+x-bx+b?t>x?)
t§ = (Coefficient[xnegLHS2 /x"3 /. x> 1/x, Q§[x]] // Factor) /P§
(» and then =x)
To,0 = Coeff'ic-ient[
(— xneglLHS1 - xneglLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3 + xnegRHS4) /x A3 /.x->1/x,
Q[o, 01];
to,1 = Coefficient[ (-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3 + xnegRHS4) /
XA3 /. X>1/X%,Qe,1]3
t1,0 = Coefficient[(-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3 + xnegRHS4) /
XA3 /. Xx>1/%, Q0]
t = ((-xnegLHS1 - xnegLHS2 + xnegRHS1 + xnegRHS2 + xnegRHS3 + xnegRHS4) /x"3 /.
x->1/x/.{Q4Ix] >0, Q[0, 0] >0, Qo,1 >0, Q1,0 > 0});
(» check it x)

—tg Pg*Qg[x] +T+To,0%Q[0, 0] +To,1*Qo,1+T1,0%Q1,0 /-
{XX1 = X1, XXz » Xz, XX3 » X3} /. {Qg[X] - QQdk[9, 0], Q[0, 0] -» QQcxy[9, 0, 0],
Qe,1 » QQCcxXy[9, ©, 11, Q1,0 » QQcxy[9, 1, 01} // Simplify

(—at+a2t+x—ax+a2t2x2> (—bt+b2t+x—bx+b2t2x2)

2ac/1-x XXy /2 XX, XXs

our-- 0[t]°
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nj= (» the kernel roots in (4.45)-(4.46) x)
Xy = (-Sqrt[-4ar4t"r3+4ar3th3+ar2-2a+1] +a-1)/(2at (a-1));
x; = (Sqrt[-4a*r4tr3+4ar3tr3+ar2-2a+1]+a-1)/(2at (a-1));

Out[*]=

In[#]:=

Outf#]=

Infe]:=

Out[#]=

Out[#]=

Out[*]=

Out[#]=

X3

X4

(» so that x)

(-sqrt[(a+b-2)"2-8abt?3 (2ab-a-b)]+a+b-2)/ (2t (2ab-a-b));
(sart[(a+b-2)"2-8abt"3 (2ab-a-b)]+a+b-2)/ (2t (2ab-a-b));

{Px,0/+« X X1, Px,0/«X> X2, Pxog/+«X>Xz, Pxo/.X>Xg}//Simplify

(0,0, 0, 0}

(» the kernel roots in (4.47)-(4.
(-Sqrt[-4a*4t"3+4ar3tr3+ar2-2a+1]+a-1)/(2ar2t"2);
(Sqrt[-4a*4t*3+4ar3th3+ar2-2a+1]+a-1)
X7 = (-Sqrt[-4b"4t"3+4b"3t"3+b"2-2b+1]+b-1

X5

Xe

48) *)

)
/
)

2ar2t"2);

(
/(2b"r2t12);
(

Xg = (SqQrt[-4br4t"3+4b"3t"3+b"2-2b+1] +b—1)/ 2bnr2t12);

(*» so that x)

{P§ /. x> x5, P§ /. x> X6, P§/eX>X7,P§/0ux>xg}//Simplify

{6,0, 0, 0}

(* and verifying which terms are
(* which one of these 1is a power
Series[{X1, X2}, {t, 0, 2}]
(* which one of these 1is a power
Series[{x3, X4}, {t, 0, 2}]

power series x)

series depends on

series depends on

the sign

the sign

of (a-1) =x)

of (a+b-2) *)

(* which one of these 1is a power series depends on the sign of (a-1) =)
Series[{Xs, X}, {t, 0, 1}]
(* which one of these 1is a power series depends on the sign of (b—l) *)
Series[{x7, Xg}, {t, 0, 1}]
-1-+/(-1+a)? +a 2 ¢2 -l+4/(-1+a)2 +a 242
{ Cira)t e 2 +0[t]3, ryira)t e 2 +0[t]%}
2 (-1l+a)at (C1+2)2 2(-1+a)at (-1+a)2
-2+a+b- (—2+a+b)2 2abt2
+ +0[t]3,
2 (-a-b+2ab)t ((2+a+b)?
-2+a+b+ _2+a+b)? 2 (ab) t2
[2rab]” 2
2 (-a-b+2ab)t (2+a+b)?
~1- ~1+a)2 +a -l1+a)at -1+ -1+a)? +a -l+a)at
iyl o)
zatt (-1+a)2 zatt (-1+a)2
~1-+/(-1+b)? b (-1+b)bt ~1++/(-1+b)% b (-1+b)bt
R L T 1S S [ R B S R0 LLSpar
2 b2 t?
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m1= (* these will be useful x)
Clear[XSi1, XSz, XS3, XS4, XS5, XSgy XS7, XSg, XS1, XSz, XsS3]
Xsi[n_] ¢=xs;1[n] =
ApplyToSeries[Factor [Simplify[#, Assumptions » a > 1]] &, Series[x;, {t, 0, n}]]

XSy[N_] :=xs,[n] = ApplyToSeries]|
Factor[Simplify[#, Assumptions - ®@<a<1]] &, Series[x;, {t, 0, n}]]

xs3[n_] := xs3[n] = ApplyToSeries[Factor [Simplify[#, Assumptions - a+b > 2]] &,
Series[x3, {t, 0, n}]]

XS4[Nn_] := xs4[n] = ApplyToSeries[Factor [Simplify[#, Assumptions>0<a+b<2]] &,
Series[x4, {t, 0, n}1]

xss[n_] := xss[n] = ApplyToSeries[Factor [Simplify[#, Assumptions -» a > 1]] &,
Series[xs, {t, 0, n}]]

xsg[n_] = xsg[n] = ApplyToSeries[Factor [Simplify[#, Assumptions -0 <a<1]] &,
Series[xg, {t, 0, n}1]

xs7[n_] := xs7[n] = ApplyToSeries[Factor [Simplify[#, Assumptions »b > 1]] &,
Series[x7, {t, 0, n}]]

xsg[n_] := xsg[n] = ApplyToSeries[Factor [Simplify[#, Assumptions -0 <b < 1]] &,
Series[xg, {t, 0, n}1]

Xsi1[n_] :=Xs;[n] = Series[X;, {t, 0, n}]

Xs,[n_] := Xs,[n] = Series[X;, {t, O, n}]

Xs3[n_] := Xs3[n] = Series[X3, {t, 0, n}]
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m-= (* now we can evaluate the coefficients 1in
(4.41) and (4.42) after cancelling the kernels x)
(» this gives the £ coefficients in (4.49) «)
Clear [Hx1, Hx3, Hx5, HxT7]
Hx1[n_] := Hx1[n] = Simplificate /@ (ApplyToSer‘ies[S‘impl‘ify, #H] & /@

({0, 06,65 Te,15 01,0} /+ {XX1 > Xs1[n], XXz » Xs2[Nn], XX3 - Xs3[n]} /.

Hx3[n_] := Hx3[n] = Simplificate /e (App'LyToSer'ies[S'imp'L'ify, #H] & /@

({05 00,05 00,15 01,0} /+ {XX1 = Xs1[n], XXz > Xs;[n], XX3 » Xs3[n]} /.

Hx5[n_] := HX5[n] = Simplificate /@ (App'LyToSer'ies[S'imp'L'ify, #H] & /@

({T, To,05 To,15 T1,0} /+ {XX1 > Xs1[n], XXz » Xs[Nn], XX3 - Xs3[n]} /.

Hx7[n_] := HX7[n] = Simplificate /@ (App'LyToSer'ies[S'imp'L'i'Fy, H] & /@

({5 To,05 To,15 T1,0} /- {XX1 = Xsy[n], XXz > Xs;[n], XX3 » Xs3[n]} /.

(* the leading order terms x)
ApplyToSeries[Factor, ##] & /@ Hx1[3]
ApplyToSeries[Factor, #] & /@ Hx3[3]
ApplyToSeries[Factor, #] & /@Hx5[3]
ApplyToSeries[Factor, #t] & /@ Hx7[3]
oupj- {2a% (-1+b) (-1+ab) t?+0[t]*, -2 (a®> (-1+b) (-1+ab)) t>+0[t]*
2a’b (-1+ab)ct*+0[t]®,2a% (-1+b) (-a+2b+ab)ct*+0[t]®}

4(-1+a)a?(-1+b)b(-1+ab)t?

X > xs1[n]))
x—>xs3[n]))
X - xss[n]))

X > xs7[n]))

ou- - { b +0[t}4’
-2+a+
4 ((-1+a)a? (-1+b)b(-1+ab)) t2+0[t]4,
-2+a+b
4(-1+a)a’b? (—1+ab) Ct4+o £e, 4 a3 (—l+b) b (—l+ab) Ct4+0[t]6}
-2+a+b -2+a+b

ouper= {-2 ((—1+a> as (—1+b)2) t240[t]7/2,

2 (-1+a)a® (-1+b)*t?+0[t]72, -2 ((-1+a)a® (-1+b) bc) t*+0[t]*/2,

-2 ((-1+a) 4(71+b) (-a+b+ab)c)t*+0[t]t?}

oup)= {2 ((-1+a)?a (-1+b) b*) t2+0[t]"?, 2 (-1+a)%a (-1+b) b*t>+0[t]"?,
-2 ((-1+a)a(-1+b)b*(a-b+ab)c)tt+o[t]*?,
-2 ((-1+a)a® (-1+b) b*c) t*+0[t]*?}
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mn-1= (* and indeed we can verify that cancelling the kernel works =)

Hx1[9].{1, Q[0®, 0], Qo,15 Q1,0};

% /. {Q[0, 0] » QQcxy[9, 0, 0], Qo,1 » QQcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, O]} //
Simplify;

% // Simplificate

Hx3[9].{1, Q[0O, 0], Qo,1, Q1,0};

% /. {Q[0, 0] » QQcxy[9, 0, 0], Qo,1 » QQcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, O]} //
Simplify;

% // Simplificate

Hx5[9].{1, Q[0, 0], Qo,1, Q1,0};

% /. {Q[0, 0] » QQcxy[9, 0, 0], Qo,1 » QQcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, O]} //
Simplify;

% // Simplificate

Hx7[9]1.{1, Q[O, 0], Qe,15 Q1,0};

% /. {Q[0, 0] » QQcxy[9, 0, 0], Qo,1 » QQcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, O]} //
Simplify;

% // Simplificate

oui-)- O[t]*°
our- - O[t]*®
oui-]- O[t]%9/2

ouir-j- O[t]%972

m-1= (* then looking at the coefficient matrices x)
(* which combinations give independent equations? x)
(» these are the determinants in eqns (4.50)-(4.53) «)
Drop[#, 1] & /@ {Hx1[3], Hx3[3], HX5[3]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {Hx1[3], Hx3[3], HX7[3]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {Hx1[3], HX5[3], HX7[3]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {Hx3[3], Hx5[3], HX7[3]};
ApplyToSeries[Factor, Det[%]]

our-]= 0[] 23/2

. 16 (-2+a) (-1+a)a® (a-b)? (-1+b)?b* (-1+ab) c2 t° Loty
-2+a+b

ourl- -8 (<—1+a)2a8 (a-b)? (-1+b)2b% (1-a+ab) c2) £10 L 0[t]23/2

16 ((—1+a)2a7 (a-b)? (—1+b)2b4 (-1+ab) cz) £10
Out[*]= — JrO[.t}23/2
-2+a+b
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m-1= (* try the first one again with higher powers x)
Drop[#, 1] & /@ {Hx1[9], Hx3[9], HX5[9]};
ApplyToSeries[Factor, Det[%]]

outf+]= O[t]3’5/2

m-1= (* finally, verify that we do indeed get a solution out at the end x)
Inverse[Drop[#, 1] & /@ {Hx1[9], HX3[9], HX7T[9]}].
(-Drop[#, -3] & /@ {Hx1[9], Hx3[9], HX7[9]}) // Simplify // Flatten;
ApplyToSeries[Expand, #] & /@%
({Q[©, 81, Qo,15 Q1,0} /-
{Q[0, 8] -» QQcxy[9, 0, 0], Qo,1 » QQCcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, 01}) - %
Inverse[Drop[#, 1] & /@ {Hx1[9], HX5[9], HX7[9]}].
(—Drop[n, -3] & /@ {Hx1[9], HX5[9], Hx7[9] }) // Simplify // Flatten;
ApplyToSeries[Expand, #] & /@%
({Q[®, 0], Qo,15 Q1,0} /-
{Q[0, 0] -» QQcxy[9, 0, 01, Qo,1 » QQcxy[9, O, 1], Q1,0 -» QQcxy[9, 1, Q]}) -%
Inverse[Drop[#, 1] & /@ {Hx3[9], HX5[9], HX7[9]}].
(-Drop[#, -3] & /@ {Hx3[9], HX5[9], Hx7[9]}) // Simplify // Flatten;
ApplyToSeries[Expand, #] & /@%
({Q[©, 6], Qo,15 Q1,0} /-
{Q[0e, 0] -» QQcxy[9, 0, 0], Q0,1 » QQcxy[9, @, 1], Q1,0 » QQcxy[9, 1, 0]}) - %
Outf+]= {l+ (ac+bc) 34
(2ac+2a’c+a’c+2bc+2abc+2b’c+b’c+a’c®+2abc?+b?c?) t*+0[t] ™2,

bt+ <ab+b2+b3+abc+b2c) th+0[t]2?, at+ (a2+a3+ab+a2c+abc) ‘t4+0[t]ll/2}
w1 {0[1’.]15/2, 0t]i/2, O[t}ll/Z}

outf+]= {l+(ac+bc) t3 4
(2ac+2a’c+a’c+2bc+2abc+2b’c+b’c+a’c®+2abc?+b?c?) t°+0[t] /2,

bt+ (ab+b2+b3+abc+b2c) th+0[t]2?, at+ (a2+a3+ab+a2c+abc) t4+0[t]ll/2}
oul- - {0[t115/2’ otz O[t}ll/z}

outf+]= {1+(ac+bc) t3 4
(2ac+2a’c+a’c+2bc+2abc+2b’c+b®c+a’c®+2abc?+b?c?) t*+0[t] ™2,

bt+<ab+b2+b3+abc+b2c) t4+0[t}ll/2,at+(a2+a3+ab+a2c+abc) t4+0[t]11/2}

outf+J= {o[t}lS/Z’ o[t]ll/z’ O[t}ll/z}
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Section 4.7

1= (* constructing another equation using the [x"0] part of eqn (4.26) *)
(* since we already have the positive and negative parts,
we can just subtract them away =)
(*» the LHS x)

1
Hx,0 / X /SQrt[an,] * Q[x, 0] +v§ Sqrt[Aa,] Sqrt[ane] /x*Q9[—] -
X

XposSLHS1 - xposLHS2 - xneglLHS1 - xneglLHS2;
XOLHS = Collect[%, {Q[0, O], Q1,05 Qo,1}, Factor]
(» check it x)
1
bx,0 / X/ SQrt[ap] » Q[X, 0] +v§ Sqrt[an] Sqrt[as] /x«Q3[=] /.
X

1
{Qix, 0] > QQcy[9, 01, Q§[ =] - QQdkeval[9, 6, 1/x]};
X

ApplyToSeries[Coefficient[#, x, 0] &, %]
XOLHS /. {XX]_ - Xl, XX2 - Xz, XX3 g X3} /.

{Q[0, 0] -» QQcxy[9, 0, 0], Ql,G - QQcxy[9, 1, 0], QE),l - QQcxy[9, 0, 1]}
% -%% // Simplify
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our)- (-1+a)a(-1+b)bcQo,1t (2-2a+atXXy)/t? XXy XXs -

1
—a(8-16a+8a’-16b+32ab-16a’b+8b*>-16ab’+8a’b’-8a’bt*-8ab’t+
4t

16a’b?t3+4atXX;-4a2tXX;+4btXX;-12abtXX;+8a%2btXXy-4b%tXX;+
8ab’ t XXy -4a’b”t XXy -abt?XX]+a?bt?XX]+ab?t? XX} - a® b t? XX7)

A2 XXy XXs +a* (-1+b) cQot (4abt3—2x/t2XX2XX3 +2a~/t? XXy XX3 +
2bA/t2 XXy XX3 -2 ab/t? XXa XXz — b t XX1 A/ t2 XXo XX3 +a bt XX1 A/ t2 XX5 XX3 ) -

—a [lGaZbctSXXZ—lGaZbzctSXX2+16a2bct5XX3—16a2b2ct5XX3+
8 t XXy XX3

32act3 XXy XX3-16a2ct3 XXy XX3+32bct3 XX, XX3-80abct3 XXy XX5 +
16 a2 b c t3 XX, XX5 - 32 b? c t3 XX, XX3 + 48 a b? ¢ t3 XX; XX3 + 32 a2 b? ¢ t® XX, XX5 -

16 XX XX3 4/ t2 XX3 XX3 +32 @ XX XX3 1/ t2 XXy XX3 - 16 a2 XX5 XX3 1/ t2 XXy XX5 +

32 b XXa XX3+/ T2 XXo XX3 = 64 a b XXy XX3/ t2 XX5 XX3 + 32 @%b XXy XX5 4/ t2 XX5 XX3 -

16 b2 XX5 XX3 ~/ t2 XX XX3 + 32 @a b2 XX3 XX3 ~/ t2 XX5 XX3 - 16 @2 b? XX XX3 ) t% XXo XX3 +

16 a2 b t3 XX XX3 4/ t2 XX XX3 + 16 a b? t3 XX3 XX3 +/ t2 XX5 XX3 -

32 a2 b2 £3 XX5 XX3 4/ t2 XX3 XX3 - 16 a2 ¢ t3 XXy XXz 4/ t2 XX3 XXz -

32abct3 XXy XXz 4/ t2 XXa XX3 +48 a% b c t3 XXy XX34/ 12 XX3 XX3 -

16 b? ¢ t3 XX5 XX3 1/ t2 XX XX3 + 48 a b? ¢ 3 XX5 XX3 1/ t2 XX5 XX3 -

32 a2 b2 ¢ t3 XXy XX3 4/ t2 XXy XX3 — 8 @ t XX XXz XX3 A/ t2 XX3 XX3 +

8 a2 t XX1 XXp XX3 4/ t2 XXp XX3 - 8 bt XX1 XXp XX3+/ t2 XX XX3 +24 a b t XX; XX, XX3
A/ T2 XX2 XX3 =16 @2 bt XXy XX XX3 /) t2 XX2 XX3 + 8 b% £ XX; XXp XX3 1/ t2 XXp XX3 -

16 a b? £ XX1 XX XX3 /2 XX5 XX3 +8 a% b2 t XX1 XX5 XX3 ~/ t2 XX XX3 +

8 C t XX1 XX3 XX3 4/ t2 XX3 XX3 - 8@ t XXy XXz XX5 ~/ t2 XX5 XX3 -

8 b ct XX1 XXy XX3 1/ t2 XX3 XX3 + 8 ab ct XX; XXy XX3+/ t2 XXy XX3 -

8 a?b ct? XX; XXa XX3 4/ 2 XX5 XX3 - 8 ab? c t* XX1 XX XXz 4/ t2 XX XX3 +

16 a2 b? ¢ t* XX XX5 XX3 1/ t2 XX5 XX3 +2 a b t2 XX2 XX5 XX3 +/ t% XX; XX3 -

2a% b t2 XX2 XX5 XX3 1/ t2 XXp XX3 — 2 a b? t% XX3 XX5 XX5 ~/ t2 XXo XX5 +

2 a2 b2 2 XX2 XX5 XX3 1/ t2 XX3 XX3 -2 a € t% XX3 XX5 XX3 ) t2 XX5 XX3 +

2 a% ¢ 2 XX2 XX3 XX3 4/ £2 XX3 XX3 — 2 b c t2 XX2 XX XXz 4/ t% XX3 XXz +

4 abct?XX2 XXy XX3 1/ t2 XXy XX3 -2 a? b c t2 XX2 XX XX3 1/ t2 XX3 XX3 +

2 b? ¢ t2 XX2 XX3 XX3 1/ t2 XXz XX3 - 2 a b? ¢ t2 XX2 XX3 XX3 1/ t2 XX; XX3 +

abct3XX3 XXa XX3/t2 XXa XX3 - a2 b c t3 XX3 XX5 XX3 4/ t2 XX5 XX5 -

ab? c t3 XX3 XX3 XX3 4/ t2 XX2 XX35 +a? b2 ¢ t3 XX3 XX5 XX3 ~/ t2 XX3 XX3 J Q[o, 0]

oul- O[t]%3/2
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n-1= (* the RHS x)
(17 x/Sqrt[an,] +v Sqrt[Aa,] Sqrt[ane] /x) +
(Mo,0 / X/ SQrt[Any] +ve,0 SArt[Ann] Sqrt[ane] /x) *Q[0, 0] +
(Mo,1/ X /SArt[An,] +ve,1 Sqrt[AAy] Sqrt[Ane] /x) * Qo1 +
(M1,0 / X/ SQrt[Any] +vi,6 Sqrt[An] Sqrt[Ane] /x) * Q1,0 - XpOSRHSL -
XpOSRHS2 - xposRHS3 - xposRHS4 - xnegRHS1 - xnegRHS2 - xnegRHS3 - xnegRHS4;
XORHS = Collect[%, {Q[0, 0], Qo,15 Q1,0}, Factor]
(* check it x)
(17 x/Sqrt[a,] +v Sqrt[a,] Sqrt[ae] /x) +
(Me,0 / X /SQrt[ay] +ve,0 Sqrt[An] Sqrt[ae] /x) *Q[0, 0] +
(Mo, /X /Sqrt[ap] +ve,1Sqrt[an] Sqrt[Ae] /x) *Qo,1 +
(M1,0 /X /SArt[ap] +vi,0 SArt[Aqg] Sqrt[ael /x) *Qu0 /.
{Q[0, 0] - QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, 0], Qo,1 » QQcxYy[9, 0, 1]};
ApplyToSeries[Coefficient[#, x, 0] &, %]}
XORHS /. {XX1 » X1, XX3 » X3, XX3 » X3} /.
{Q[0, 0] » QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, 0], Qe,1 » QQcxYy[9, 0, 1]};
% -%% // Simplify
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outy-J= -i (-1+a) abcQo,1 t? (4abt2+axxl t2 XX5 XX3 - b XX1 ~/ t2 XX5 XX3 ) +
iaz (-1+b) cQiot? [4abt2+aXXl t? XXo XX3 - b XXy 4/ t% XXz XX3 ] +
;a (16a2b2t4XX2+16a2 b? t% XX5 + 16 a2 b t2 XX5 XX3 + 16 a b? t2 XX, XX5 -
16 XX5 XX3
32 a2 b2 t2 XX XX3 + 16 a2 b t2 XX XX3 1/ t2 XXo XX3 + 16 a b? t2 XX, XX3 ~/ t2 XX, XX3 -
32 a2 b? t2 XX, XX3 1/ t2 XX XX3 - 8 @ XX1 XXo XX3 ~/ t2 XX XX5 +
8 a2 XX1 XXa XX3 1/ t2 XX5 XX3 - 8 b XX7 XX3 XX3+/ t2 XX XX3 + 16 a b XX; XX, XX3
A/ T2 XX5 XX3 - 8 @2 b XX1 XX XX3 4/ t2 XXa XX3 + 8 b2 XXq XXo XX3 ~/ t2 XX5 XX5 -
8 a b? XX1 XX3 XX3~/ t2 XX5 XX3 - 16 a? b2 3 XX1 XX XX3 1/ t2 XXo XX3 -
2 a2 bt XX2 XX3 XX3 1/ t2 XX5 XX3 -2 a b? t XX} XX XX3/ t% XX5 XX3 +
4 2% b? t XX2 XX XX3 1/ t2 XX XX3 + a2 b t2 XX3 XX XX3 ~/ t2 XX XX3 +
a b2 €2 XX3 XX5 XX3 4/ t2 XX5 XX3 -2 a2 b2 £2 XX3 XX XX3 ~/ 2 XX XX3 ] -
;a (16a2b2t4XX2+16a2bct4XX2—16ab2ct4XX2—16a2bzct4XX2+
16 XX5 XX3

16a2b2t*XX5+16a’bct?*XX3-16ab?ct?XX3-16a%2b%ct?XX3+16a%bt? XXy XX3 +
16 a b? t2 XX, XX3-32a% b? 2 XXy XX3+32 ac t? XXy XX3 - 16 a2 ¢ t2 XX, XX3 +

32bct? XXy XX3-96abct? XXy, XX5 + 16 a%bct? XX, XX3 - 48 b? ¢ £2 XXo XX3 +

80 a b? c t?2 XX5 XX5 + 32 a2 b? c t% XX5 XX3 + 16 a2 b t2 XX; XX3 1/ t% XX XX3 +

16 a b? £2 XX5 XX3 4/ t2 XX5 XX5 - 32 a2 b? £2 XX5 XX3 ~/ t2 XX, XX5 -

16 a2 ¢ t2 XX XX3 1/ t2 XX5 XX3 + 16 a2 b c t2 XX, XX5 / t2 XX5 XX5 -
X

X
16 b2 ¢ t2 XXy XX3 1/ T2 XX3 XX3 + 16 a b? ¢ t2 XX5 XX3 ~/ t2 XXy XX3 -
8 a XX1 XX5 XX3 4/ t2 XX5 XX3 + 8 a2 XXq XXo XX3 ~/ t2 XX3 XX5 -
8 b XX1 XX5 XXz 1/ t2 XX5 XXz + 16 a b XX3 XX5 XX3 4/ £2 XX5 XX5 -

8 a2 b XX1 XXy XX3 / t2 XX XX3 + 8 b2 XX1 XX5 XX3 1/ t2 XXy XX3 -

8 a b? XX3 XX5 XX3 4/ t2 XX5 XX5 + 16 € XX XX5 XX3 ~/ t2 XX XX5 -

16 a c XX1 XXa XX3 1/ t2 XXa XX3 - 16 b € XX1 XX XX3 1/ t2 XX XX3 +
16 ab c XX1 XXa XX3+/ t2 XX2 XX3 - 16 a2 b2 t3 XX XX5 XX3 +/ t2 XXo XX5 +

8aZb ct3 XX; XXy XX3 1/ t2 XX5 XX3 + 8 ab? c t3 XX XX XX3 1/ t2 XXo XX3 -

2 a2 bt XX2 XX5 XX3 4/ 2 XX5 XX3 -2 @ b? £ XX2 XX3 XX3 1/ t2 XX3 XX3 +

4 a2 b? £ XX2 XX3 XX3 1/ t2 XXz XX3 +2 @ ¢ t XX2 XX XXz +/ t2 XX5 XXz -

2 @%b ct XX2 XXy XX3+/ t2 XXo XX3 + 2 b? ¢ t XX2 XX3 XX3 1/ t2 XX3 XX3 -

2ab?ct XX3 XXo XX3 1/ t2 XXo XX3 + a2 b t2 XX3 XX5 XX3 ~/ t2 XXo XX5 +

ab? 2 XX3 XX5 XX3 4/ t2 XX5 XX3 -2 a2 b2 £2 XX3 XX5 XX3 +/ t2 XX5 XX3 -
t

X
a? ¢ t2 XX3 XX5 XX3 4/ t2 XX5 XX3 + a2 b c t2 XX3 XX5 XX3 4/ t2 XXy XX3 -

b2 ¢ 2 XX3 XX5 XX3 4/ t2 XX5 XX3 +a b? c 2 XX3 XX, XX3+/ t% XX5 XX3 | Q[0, 0]

—_

oui-j- O[t]%972
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1= (* combining these x)

ve,o = Coefficient[-xOLHS + xORHS, Q[0, O] ]}

ve,1 = Coefficient[-xOLHS + xORHS, Qp,1];

v1,0 = Coefficient[-xOLHS + xORHS, Q1 0]

v = -XOLHS + XORHS /. {Q[0, 0] » 0, Qp,; » O, Ql,e - 0}

(* check it x)

U+Ug,o*xQ[0, 0] +vpg,1 *Qo,1+¥1,0% Q1,0 /« {XX1 > X1, XX3 > Xz, XX3 > X3} /.

{Q[0, 6] - QQcxy[9, 0, 0], Q1,0 » QQcxy[9, 1, O], Qe,1 » QQcxy[9, O, 1]}

our-- 0[t]°

n= (% give it a name =)
Clear [HO];
HO[n_] :=HO[n] = Simplificate /@ (ApplyToSer‘ies[S'impl'ify, H] & /@
({v, ve,05 Vo,15 U1,0} /+ {XX1 > Xs1[n], XXz > Xs2[Nn], XX3 > Xs3[n]}))

Inf¢]:= H0[9] '{1’ Q[Os 0] ’ Q@,l, Ql,o};
% /. {Q[0, 0] » QQcxy[9, 0, 0], Qo,1 » QQcxy[9, 0, 1], Q1,0 » QQcxy[9, 1, O]} //
Simplify;
% // Simplificate

our-- 0[t]°

1= (* now can this equation be combined with any of the others? x)
Drop[#, 1] & /@ {HO[5], HX1[5], Hx3[5]};
ApplyToSeries[Factor, Det[%]]

Drop[#, 1] & /@ {HO[5], HX1[5], HX5[5]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {HO[5], HX3[5], HX5[5]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {HO[3], Hx1[3], HX7[3]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {HO[5], HX3[5], HX7[5]};
ApplyToSeries[Factor, Det[%]]
Drop[#, 1] & /@ {HO[3], HX5[3], HX7[3]};
ApplyToSeries[Factor, Det[%]]

our-)- O[E]H

o - O[t]21/2

our-)- O[E]H

ourr -8 ((-2+a) (-1+a)?a® (a-b)* (-1+b)> b c?) t7+0[t) 72
our-1= O[]

oufj= -8 ((—l+a)3a6 (a—b)2 (—1+b)3b3 c2) t7+0[t]17/2

= (* yes -- it can be combined with {x1,x7} or {x5,x7} =)



